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 Transportation systems and bridges must continue to be used safely to maintain society's 
development and economic growth. For this reason, the structural capacity of these bridges 
should be determined more realistically and accurately. Reliability analysis determines the 
probability of failure of a bridge in a statistical way. Existing specifications used a semi-
probabilistic approach to calculate the reliability of the bridge and determined a threshold to 
sustain the safety of the bridge. The development in civil engineering and the more 
information about the transportation system's material properties and loading conditions 
make the statistical models more accurate. The advance in technology also makes it possible 
to apply probabilistic reliability analysis of the bridge. These studies use Monte-Carlo 
simulation and generate a probabilistic reliability analysis of selected RC box girder bridges. 
Material properties of the bridge were determined by the experimental data, and normal and 
log-normal distributions were used to represent the concrete and reinforcement. Normal 
distribution was used to simulated both dead and live load on the bridge. Bridge collapse 
loads were determined by the limit analysis theory and simulated. Finally, reliability of the 
bridge was determined. The results and methodology were discussed in detail. 

1.Introduction 

An important part of the infrastructures take place on transportation 
systems have been serving for more than half a century. In developed 
countries such as the USA, a significant part of these bridges and 
infrastructure system have either completed their lifetime or are 
about to complete [1]. The demolition of existing bridges and the 
construction of new ones creates economically big burdens. However, 
continuing services of the transport systems without interruption is 
of great importance considering the economic and social impacts. The 
traffic loads are increase over time and the structural material 
properties and strength of the bridges are changed. For this reason a 
probabilistic approach that represented the changing loading 
condition and structural properties should be used the determine the 
reliability of the bridge. 

Bridges are exposed to many different deterioration processes during 
serves life such as corrosion, spills in concrete section, fatigue and 
cracks[2]. Deterministic expression of these deterioration process is 
not possible for many cases but some empirical formulas were 
obtained with the help of the probabilistic methods[3–5].  Furthermore, 
there are significant effort to determine the deterioration processes 
of the bridge during serves time and significant data obtained by the 
visual inspection and structural health monitoring (SHM) activities. 
Both these information make it possible to generate more realistic 
simulation of the bridge with the MSC and statistical distribution[6–
9]. The obtained information is very important to reliability analysis 
of existing bridge. Reliability of bridge are determined by the semi-
probabilistic approach presented in the existing specifications [10]. 
The advance in the computer technology and developments in the 
scientific studies allow engineer to determine the reliability index 
with a full-probabilistic approach for both new and existing bridges 
[11–14].  

In these study, the advances of Monte-Carlo simulation are used to 
determine the reliability index of a selected RC box girder bridge with 
a full-probabilistic approach. Load bearing capacity of the bridge are 
determined with the limit analysis and moment curvature 
relationship is generated with OpenSees software. By the way plastic 
moment capacities of the deck section are determined. Load 
multiplier are simulated with the full-probabilistic approach and 
reliability of the bridge are determined.  

 

2.  Ultimate Capacity of Bridge 

2.1. Limit Analysis of the bridge 

The energy consumed by the plastic deformation of the section, and 
external load must be equal to each other. Rigid perfectly-plastic 
constitutive laws form the basics of limit analysis. Yielding criterion, 
starting point of plastic flow, and flow rule, plastic strains are 
increased correlated to the stress state. Using this theorem limit 
analysis determines load carrying capacity of structure with a load 
multiplier. There was two basic approach to calculate the limit 
analyses; kinematic approach (upper bound) and static approach 
(Lower bound)[15]. The kinematic approach assumes that the 
considering materials are perfect plastic and geometry changes are 
insignificant at the limit load. [16]. In this method, all the possible 
collapse mechanism is examined, and the minimum load multiplier 
gives the critical limit load. Comparing bending moment diagram for 
the collapse load and check, whether in any section plastic moment 
capacity have been exceeded. If not, the selected mechanism gives the 
critical collapse mechanism. The static approaches (lower bound) 
bending moment diagrams are generalized and the loads are 
increased until first plastic hinge formation will be obtained. Then 
with changing the structural model with the new plastic hinge 
formation and bending moment diagram of the new model analyses 
again with increases the load to examine the second plastic hinge 
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formation and repeat it until the system became unstable. At this 
point, critical load multiplier is determined. Plastic hinges upon 
formation as the collapse mechanism of selected two span continuous 

bridge was shown in Figure 1. 1α and 2α  shows the rotation at the end 
support and mid support, v shows the vertical displacement at the 
point of plastic formation, x shows the position of the plastic hinges 
and L shows the length of the bridge span.  

The virtual work equation could be derived for distributed load as 
shown in the Eq 1-3. The works done by inertial force are expressed as 
multiplication of moment capacity of section and matching rotation. 
The rotation of plastic hinges is derived considering the plastic hinges 

position x as shown in Eq1. The works done by exterior load are 
expressed as multiplication of exterior load derivation matching 
displacement that is calculated according to ( x ) as shown in Eq2. ζ  

represent the relation between x and L . φ  shows the load multiplier 
that  can be calculated by Eq3. Position of plastic hinges can be 
determined by minimizing the φ load multiplier for x  plastic hinges 

position change over 0 (end support) to L  (mid support). 

 

Figure 1 Limit Analysis Collapse Mechanism of Bridge 
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Work done by plastic deformation 
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Calculating the load multiplier 
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2.2.  Description of Bridge 

A two-span continuous box girder bridge with 30 m length is selected 
as case study. At the two ends of the bridge, sliding bearings are 
positioned and at the middle of the bridge fixed bearing is positioned. 
With the help of two sliding, bearing no inertial force is occurred 
because of temperature change and elongation and shortening of a 
bridge. Cross-section of the bridge is composed of a RC box girder with 
12m with deck and 2 m height. There is two different reinforcement 
positioned on the bridge as a result of changing positive moment 
direction at the middle support. For the 25 m parts from the bridge 
end support. The more reinforcement positioned at bottom is used to 
carry positive moment. For the 10-meter section on the bridges 

middle bearing the more reinforcement positioned at the top of the 
section. 

2.3. Bridge Material Properties 

Material properties of Bridge's deck determined by experimental 
results. Yielding strength of reinforcement is 500yF Mpa= with 

coefficient of variation 0.05δ = . The inertial moment of the cracked 

RC section is defined as crI Iα=  with α random variable with Beta 

distribution ( 4, 2)B a b= = bounded with min 0.3α = and max 0.7α = . 

Mean and standard deviation of the Elastic modules and compression 
strength of the bridge calculated as 30092

cE Mpaµ = , 4775
cE Mpaσ = ,

46.09
cF Mpaµ =  and 5.048

cF Mpaσ = . 2χ and K-S test are applying to 

determine goodness of fit of the calculated distribution. Both tests 
give a valuable result for normal and log-normal distribution. The 
concrete material properties are assumed to be normally distributed 
in this study. Moreover, regression analysis is conducted to show the 
relation between elastic modules and compression strength as shown 
in Figure 2. Dead load and live load are assumed to be distributed on 
the bridge and the mean values and coefficient of variation of the 
Dead and Live load considered as 227.2 /G kN mµ = , 0.05Gδ = ,

140.8 /Q kN mµ = and 0.2Qδ = .     

 

Figure 2 Regression analysis of Elastic modules and ultimate 
strength of Concreate Bridge Material. 

2.4. Moment curvature analysis of box girder bridge 

Moment curvature relations of the box girder are modelled using 

OpenSees finite element software. µ target ductility of sections is 

assuming as 15 and the initial yielding rotations of the section are 
calculated with an approximated approach. Concreate02 and steel01 
material are used to define material properties of section. Box girder 
bridges are modelled with help of fiber section and layer command. 
Moment curvatures are obtaining by increasing the rotation up to the 
target rotation and nonlinear moment curvature relation obtained. 
However, limit analysis assumes the sections as rigid perfectly-
plastic. A linearization of the moment curvature is necessary to apply 
the limit analysis on the bridge.  In this study, an approximate method 
is used to determine the linear moment curvature relationship. The 
area under the linear moment curvature and the nonlinear moment 
curvature are equalized. Thus, the energies consumed by the two 
curves are equalized. Both linear and nonlinear moment curvatures 
are represented in Figure 3. The moment curvatures are derived as an 

example for mean ( cf )concreate compression and ( yf )steel yielding 

strength.  

1α
 2α
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a) 

 

b) 

Figure 3 Nonlinear Moment curvature relation and Rigid Perfectly 
Plastic MC a) Section at the span, b) Section at the support 

 

3. Monte Carlo Simulation and Reliability Analysis 

Simulation proses duplicates behavior of existing or designing 
system. It allows the engineer to experience the behavior of the 
system either better understand the system or further management. 
The main advantages of simulation are a way to understand the 
essential component of the system how they response and how they 
behave in the future. Properties of simulation outputs are determined 
by input and transfer function. When the transfer function is simple, 
the properties of output can be calculated analytically. However, in 
many cases because of different uncertainties and complex actions, it 
is impossible.  In this case simulation, technique gives a better 
solution with a reliable result depends on the number of simulations. 
When the number of simulations goes to infinite, the results goes to 
exact, which is impossible to compute. Therefore, an adequate number 
of simulations should be determined in using simulation.  

Based on structural reliability theory in which R and S are capacity 
and load and probability of failure are determined by 

[ / ] ( ) 0fP R S R S= − < . Reliability index can be expressed as 1( )fPβ −=Φ . 

According to the normal distribution assumption, the reliability Index 
can be determined with the following expression [17].    

2 2
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µ µβ
σ σ

−
=

+
 

 
 
5) 

Where Rµ and Sµ are mean values of resistance and load respectively, 

and Rσ and Sσ are standard deviation of resistance and load 

respectively.    

In Monte Carlo simulation, basic random variables 1 2[ , ,...., ]T
nX X X X=  

generated in accordance with their 1,2,...,i n=  marginal density 

function ( )
iX if x  and repeated analysis are carried to determine the 

outcomes [18]. Simulating Resisting R and Load S distribution of the 
both parameters can be obtained with taking difference of the two 
parameters for the all simulation sample and number of failures can 
be obtained. Using the number of failure, total number of simulation 
probability of failure is calculated as shown in Eq6. 

( ) fail
F

simulation

N
P

N
β=Φ − ≅                          

1 1 1fail fail

simulation simulation

N N
N N

β − −   
≅ −Φ =Φ −   

   
 

 
 
 
6) 

 

If the number of the simulation goes to infinite, the β goes to exact 

solution. 

For bridge structure, the expected reliability index is about 3-3.5 for 
many cases. But the reliability index of the structure or structural 
component, mostly larger than these values. Probability of failure for 

3β = calculated as 3( 3) 4.4 10FP β −=Φ − = = • so 410 simulation seems to 

be likely enough to calculate the probability of failure but for 6β =

probability of failure, calculated as 9( 6) 6.07 10FP β −=Φ − = = • so to 

simulate these at least 1010 simulation is require which is too much to 
calculate and time consuming. For these reasons to calculate, the 
higher reliability index approximation method can be used. Defining 

marginal distribution as ( )M R S= −  and reliability index can be 

expressed as /M Mβ µ σ= , The mean values and standard deviation of 

the marginal distribution can be calculated at the  step of simulation 

and by the way β  can be calculated for each simulation. Figure 6 

shows an example of these types of calculation. With the increasing 
of the number of simulations, the reliability index approximates a 
constant number that is much smaller than the simulation required 
for determine failure. Mostly normal or log-normal distributions are 
used to represent the marginal distribution. However, in some 
complicated case both distributions cannot enough to represent the 
marginal correctly, and an expected error is occurred. 
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Figure 4 a) Bridge Span Moment Capacity Distribution, b) Bridge Dead (G) and Live (Q) load distribution, c load factor scatter plot, d) load factor 
distribution. 

Another way to decrease the number of simulation is reduction 
variance technique [18]. Important sampling (IS) technique is one of 
these. The technique uses unequally weighted observations and with 
the small number of observation the probability of failure can be 
calculated [19–21].  

The parameter G , 1Q , concreate Elastic modules cE and concreate 

compression strength cF  are normally distributed. Reinforcement 

steel yielding strength yF are log-normally distributed. In order to 

obtain the pM moment capacity of the box girder, Monte Carlo 
simulations are used. Moreover, load multipliers are simulated based 
on MCS with simulating both dead and live load and pM moment 

capacity. 
 
4. Reliability Analysis of Bridge 

4.1. Simulating Load Multiplier 

Total length of bridge spans is 30m and for first 25m from the end 
support to the mid support the more  reinforcements are applied on 
the bottom. The 10-meter section on the middle support of the bridge 
the more reinforcement is formed at the top of the section. Both 
moment capacities of two reinforcement details deterministically 

calculated with simulating the concrete compression strength cF and 

reinforcement yielding strength yF . Mean values and standard 

deviation of both section's moment capacities are calculated as 

1
29170

SMp Mpaµ = , 
1

1451
SMp Mpaσ = ,

2
3352

SMp Mpaσ ,
2

69048
SMp Mpaµ =  

and the histogram of moment capacity distribution of the sections are 
shown in Figure 4a. Increasing reinforcement in the tension increases 
the moment capacities and standard deviation of the section.   

Both dead load and live load are simulated using MCS random number 
and generated simulation are presented in Figure 4b.   

φ load multiplier is calculated using limit analysis expression and 

simulation. By leaving alone φ  , the load multiplier can be easily 

determined (See Eq3). φ <1 is examined in simulation to determine the 
failure probability of the bridge. The simulation results are shown in 
Figure 4 c and d. one million sample simulation is generated at the 
beginning to investigate the accuracies of the model and 37 failure 
are visualized so the probabilities of failure of the bridge are 

determined as 53.7 10−× .  

 

 

   

  
a)        b)  

   
 c)       d)  
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4.2. Determining Reliability Index for Bridge 

Load multiplier distribution and generated log normal distribution 
models are shown in Figure 5. The log-normal pdf function has good 
accuracy of the safety factor distribution with an small error. So, the 
probabilistic models include some expected error. 

 

Figure 5 Safety Factor distribution 

The β reliability indexes are determined with log-normal 

distribution approximated approach, classical MCS and importance 
sampling technique. As mentioned before the log-normal distribution 
does not satisfy the load multiplier distribution very well so there is 
some valuable difference between the log-normal modal safety factor 
and MCs safety factor. Therefore, using the MCS gives us more 
accurate results as shown in the Figure 6. However, it needs large 
number of samples. For this example, 1 million sample is enough to 
calculate the reliability index with MCS but for the higher reliability 
index level, the number of simulation needs to be increased. 
Moreover, computational analysis does not cost-effective for such a 
huge sample of simulation for further analysis such as Life-cycle 
assessment of the bridge. In these cases, importance sampling 
technique could be used to reduce the number of simulation and get 
an accurate result. The blue lines shows the result obtained with 
importance sampling technique and the results are approximate with 

the 510 sample which is more useful. On the other hand, variance of 
the IS method is much more than MCS, therefore the results obtained 
by fewer simulation samples should be verified with sensitivity 
analysis.   

 

Figure 6 Sensitivity analysis of Beta Reliability index over MCS 

Conclusion 

In these study, A full-probabilistic approach is applied to determine 
the reliability index of selected RC box girder bridges and following 
conclusions are obtained. 

 Limit analysis was used to determine the bridge collapse 
load. In the limit analysis, the live load was increased until 
the bridge collapsed and the load multiplier was 
determined. Furthermore, the location of plastic 
deformation calculated with minimizing the load multiplier 
over the bridge. If this load multiplier is greater than 1 
indicates that the bridge carries the load safely. Load 

multiplier is simulated with the help of MCS and safety 
index is calculated.  

 When the log normal approximation model is used in 

calculating the safety index, 3β ≅  is determined for the 

current bridge. However, as seen in Figure 6, the Log-
normal distribution does not exactly match the load 
multiplier histogram. Therefore, clearly there is some error 
in calculation of safety index with the log-normal 
approximated methods. Using MSC method reliability index 

of bridge was calculated as 3.92β ≅ . 
 Sensitivity analysis shows that minimum one million 

sampling is required to determine the safety index with the 
MCS method. The number of simulation consume much 
time for many case therefore, it is aimed to determine the 
safety index by using fewer samples and variance 
reduction technique such as important sampling (IS) is used 
to decrease the sample number.  As a results IS technique 
reduce the number of simulation to hundred thousandth . 
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