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In this article, linear elastic static and linear elastic dynamic analysis of two-dimensional
structure-foundation-reservoir problem is discussed. Mechanical interaction between
structure-foundation-reservoir and discretization of these regions are simulated by reliable
numerical Finite Element Method. The reservoir region which incorporates the
compressibility effect and surface sloshing motion of water is formulated by twodimensional Lagrangian fluid finite elements. The dynamic responses of the structure under
a given ground motions are obtained in three conditions: structure-reservoir interaction
with rigid foundation, structure-reservoir interaction with finite region of flexible
foundation and structure-reservoir interaction with including the infinite region of flexible
foundation. During dynamic analysis, only the radiation conditions toward infinity and
energy dissipation in foundation is simulated considering infinite elements in the infinite
region of the flexible foundation. The results of dynamic analysis obtained from structure foundation-reservoir interaction are shown without considering the radiation conditions in
the infinite region of the constant depth reservoir. And only the static and dynamic
displacement responses of the crest are given in this paper. All steps of static and dynamic
analysis are performed using FORTRAN 90 coding language. The static and dynamic
responses are validated and compared with the results of other research papers.
Many researchers have commonly utilized Eulerian approach to
analyze the structure-reservoir-foundation interaction problem.

1.Introduction
In civil and mechanical engineering problems, the dynamic analysis
of coupled structure-reservoir-foundation problem is challenging due
to the following factors: dynamic interaction between structurereservoir considering the hydrodynamic pressures, radiation of
waves to far end reservoir boundary and compressibility effects of
water,
dynamic
interaction between
structure-foundation
considering the flexibility, inertia, material damping, radiation
damping and infinite region of foundation, dynamic interaction
between reservoir-foundation considering the absorption of reflected
waves at the reservoir boundary. In the past few decades, some
numerical methods like Finite Element Method [1–7], Boundary
Element Method [8] and coupled FEM-BEM Method [9–10] have been
evolved to decipher the 2D and 3D dynamic responses of this kind
coupled complex problems.
During past years, Chopra and his colleagues have implemented
outstanding works and developed some software’s to analyze the
static and dynamic responses of dam-reservoir-foundation problem
in time domain and frequency domain utilizing Finite Element
Method [1–7].
Generally, the static and dynamic responses of this type coupled
problems could be obtained using Lagrangian and Eulerian
approaches. In the Lagrangian approach, the nodal variables in
structure, foundation and water (fluid) are displacements, while in the
Eulerian approach, the nodal variables in structure and foundation
are displacements; pressures or velocity potentials are nodal variables
in water.

Because the variables in water, foundation and structure are
different, interface equations required at the structure-water
interface; water-foundation interface interaction are also developed
by many investigators [11–17].
Lagrangian fluid finite element is easy to code as well as general finite
elements due to the same variables in the fluid, structure and
foundation region. And it is the advantage of this approach. But, this
approach encounters some numerical problems during analysis (e.g.
hour-glass mode or zero-energy modes). These zero energy-modes
mostly come out from zero shear modulus combined with reduced
numerical integration method in addition with finer mesh of the
numerical model [21]. In the literature, some alternatives that can
eliminate these numerical problems are presented by many
researchers [18–21]. Due to the compatibility of variables in structure,
reservoir and foundation regions, many researchers have used
Lagrangian approach to solve this kind of coupled problems [22–24].
In coupled structure-reservoir interaction problem, structurefoundation interaction problem and reservoir-foundation interaction
problem, the radiation of reflected waves to infinite medium is one of
the most important factors which can merely impact the dynamic
behavior of the coupled system. During dynamic loads, hydrodynamic
forces are reflected to infinity. If the reservoir bed and far end
reservoir boundary considered to be rigid, then the hydrodynamic
forces will be over-estimated. Therefore, this will give inappropriate
dynamic behavior of the system, which does not determine the actual
behavior of the coupled system. It is also a challenging problem need
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to be developed appropriately. In the literature, many investigators
have developed some absorptive elements (infinite elements) and
absorptive boundary (artificial boundary) to soak in the reflected
waves at the reservoir bed and at the reservoir far end boundary [25–
35]. Additionally, this condition should be considered for unbounded
foundation medium.
The objectives of this research paper are firstly, to discuss the
dynamic analysis of structure-foundation-reservoir interaction
problem using Lagrangian approach; secondly, to use an appropriate
model of absorptive boundary at the far end boundary of flexible
foundation and constant depth reservoir; thirdly, to develop a
powerful and stable FORTRAN 90 code for the static and dynamic
analysis of 2D structure-foundation-reservoir interaction problem.
All steps of static and dynamic analysis are programed in FORTRAN
90 coding language utilizing the above mentioned Lagrangian
approach for fluid domain and standard Finite Element procedure for
structure and foundation domain. The program has been individually
applied on water (fluid), structure-water interaction and structurewater-foundation interaction problems; the results were validated
and compared with results of various papers.
2.

Lagrangian Approach for Fluid and Deriving the Coupled
Equation of Motion

In this approach, because of using the same nodal variables
(displacements) in structure, water and foundation regions, there is
no need for interface equations. Therefore, the compatibility and
equilibrium equations along the interface nodes are automatically
provided [21]. In this section firstly, the basic equations for linearelastic, non-rotational, non-viscous fluid elements which make small
displacements will be given [37]. Then move on to the finite element
formulation of structure-reservoir-foundation problem. Thus, the
pressure in a fluid element can be calculated by,
Hata! Yer işareti
tanımlanmamış.1

P = β ϵ𝑣𝑣

Where, P, β and ϵ𝑣𝑣 represent pressure, volumetric modulus of
elasticity (bulk modulus), and volumetric strain of the fluid element
respectively. The volumetric strain in two-dimensional Cartesian
coordinates may be written,
ϵv =

∂u ∂v
+
∂x ∂y

Where,

∂i
∂j

Hata! Yer işareti
tanımlanmamış.2

denotes the partial derivative of i displacement component

with respect to the j direction. The rotational characteristic of the fluid
element can be restricted using penalty methods [21] which
accomplish non-rotational fluid elements. By giving a large
restriction parameter to the stress-strain equation of fluid element,
the rotations of the fluid element will be constrained. A twodimensional fluid element has only one rotational equation which can
be given by,
1 ∂u ∂v
Wz = � − �
2 ∂y ∂x

Hata! Yer işareti
tanımlanmamış.3

Due to restriction of element rotation, the rotational stress can be
defined by,
Hata! Yer işareti
tanımlanmamış.4

Pz = α Wz

Where, Pz and α denote the rotational stress and constraint parameter,
respectively. Therefore, from equations 1 and 4, the stress-strain
relations of the two-dimensional fluid element can be written as,
P
β 0 ϵv
� �=�
� � � or, σ = Cf e
Pz
0 α Wz

Hata! Yer işareti
tanımlanmamış.5

In this equation, σ, e and Cf represent stress vector, strain vector and
elasticity matrix (material matrix) of fluid element, respectively.

In this section, only the equation of motion for fluid domain is derived
step by step using energy methods. Then, the same procedure can be
applied again to obtain the equation of motion for solid (structure and
foundation) domain. Thus, the total potential energy of the fluid
domain consists of strain energy which can be calculated by,
1
Πe = � eT Cf e dA
2

Hata! Yer işareti
tanımlanmamış.6

1
T
πs = � Usf
ρf g Usf dL
2

Hata! Yer işareti
tanımlanmamış.7

And strain energy of the fluid without changing in the fluid volume.
This characteristic expresses an important behavior of fluid domain.
Generally, this behavior comes out in the form of sloshing waves or
up down movements at the free surface of fluid. This type of potential
energy of the fluid domain which comes out from surface sloshing
motion of fluid, can be calculated by,

where, ρf, g and Usf represent mass density of the fluid, gravitational
acceleration and vertical displacements of the fluid free surface,
respectively. In equation 6, e and Cf respectively define the
displacements vector and the elasticity matrix of fluid domain.
Therefore, the total potential energy of fluid domain may be written
as,
Hata! Yer işareti
tanımlanmamış.8

πt = πe + πs

Since the dynamic behavior of the fluid system is considered in this
paper, the kinetic energy of the fluid domain should be included
which is defined by,
1
∂u 2
∂v 2
T = � ρf �� � + � � � dA
2
∂t
∂t
where ρf is mass density of the fluid, and
point in the x dirrection.

Hata! Yer işareti
tanımlanmamış.9
∂u
∂t

defines velocity of the

By using the fundamental concepts of finite element method, the
total strain energy of the fluid domain given in equation 6 can be
written as,
1
πe = UT K f U
2

Hata! Yer işareti
tanımlanmamış.10

1
πs = UsT S Us
2

Hata! Yer işareti
tanımlanmamış.11

1
T = U̇ T Mf U̇
2

Hata! Yer işareti
tanımlanmamış.12

where U is the nodal displacement vector and K f is the stiffness
matrix of the fluid domain. Similarly, the potential energy at the free
surface of fluid domain given in equation 7 can be written as,

where Us and S respcetively represent the vertical nodal displacement
vector and stiffness matrix of the free surface of the fluid domain.
Also, the kinetic energy of the system given in equation 9 may be
written as,

where U̇ and Mf respectively represent the nodal velocity vector and
the mass matrix of the fluid domain.
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By substituting the energy equations 10, 11, 12 into the Lagrangian
equation[38],
∂ ∂T
∂T ∂πt
� �−
+
= Qi
∂t ∂q̇ i
∂qi ∂q i

(i = 1,2, … n)

Hata! Yer işareti
tanımlanmamış.13

and after some mathematical simplifications, the equation of motion
for fluid domain can be written as,
Mf Ü + K f U + S Usf = Ff

Hata! Yer işareti
tanımlanmamış.14

Or
Mf Ü f + Ḱ f Uf = Ff where Ḱ f = K f + S

Hata! Yer işareti
tanımlanmamış.15

In equation 15, Mf, Ḱ f and Ff respectively express the mass matix of
fluid domain, stiffness matrix of fluid domain including surface
stiffness and time-varying nodal force vector for fluid domain. As
mentioned above, the same procedure can be fallowed again to gain
the equation of motion for solid medium. Consequently, the equation
of motion for damped solid (structure and foundation) medium can be
expressed as,
Ms Ü s + Cs U̇ s + K s Us = Fs

Hata! Yer işareti
tanımlanmamış.16

Where, Ms , Cs and K s express the mass matrix, damping matrix and
stiffness metrix of the solid medium, respectively. In addition to
equations 15 and 16, the coupled equation of motion for solid-fluid
system can be obtained considering boundary conditions at the
interface between solid and fluid medium. Therefore, the
displacements perpendicular to the interface should be equal. This
condition can be carried out applying penalty method [39] or using
stiff turss[18] elements between two mediums. In this research, stiff
truss elements are used at the interface between solid and fluid
medium. By applying this condition at the interface between solid and
fluid medium, the damped equation of motion for coupled solid-fluid
system can be written as,
Hata! Yer işareti
tanımlanmamış.17

M Ü + C U̇ + K U = F

In this equation M, C and K are the mass, damping and stiffness
matrices of the coupled system, respectively; and Ü , U̇ , U represent the
relative acceleration, velocity and displacement vectors of the same
system. F is time-varing dynamic force vector of the system. The
Laplace transform of equation 17 can be written as,
� + s2 M
� � �U = F� (s)
�(1 + ζs) K

finite region of foundation is discretized using finite elements, while
the infinite region is discretized using infinite elements. The infinite
elements contain three different type of pressure (P) waves, shear (S)
waves and Rayleigh waves at the same element [34,35, 43, 44]. Due to
limited space, the mathematical expressions of finite and infinite
solid elements and fluid elements are not given here. The
mathematical expressions for solid and fluid medium can be found in
References [34, 35, 43, 44] and [22, 40] with details, respectively.
The damping ratio of the system is considered to be 3%. The
mathematical model of this problem is firstly prepared in the Laplace
transform domain. Then, the time domain responses of the system are
calculated using Durbin’s numerical inverse Laplace transform
technique [36]. The stiffness and mass matrices of fluid and solid
regions are respectively calculated using 2X2 reduced numerical
integration method [21] and 3X3 numerical integration method. Also,
the stiffness and mass matrices of solid infinite region are calculated
using 12 point Newton-Cotes numerical integration method [35].
3.

Numerical Examples

In this section, static and dynamic responses of three different models
are evaluated using Finite Element Method. The numerical models are
analyzed under plane strain condition. The numerical models are
written in FORTRAN 90 programming language. The validation and
accuracy of the program is firstly controlled analyzing the numerical
models presented in References [35, 37, 41]. Due to the limitation of
space, the validation results are not presented in this paper. Then, the
static and dynamic results of the models given in Figure 1, Figure 2
and Figure 3 are presented with details.

Figure 1. Structure-water interaction problem (Model 1)
In Figure 1, the structure-water interaction problem is considered to
be analyzed. In this model the foundation of structure and reservoir
region is assumed rigid. The length of reservoir and near foundation
region [23] is assumed to be three times length of the structure height.

Hata! Yer işareti
tanımlanmamış.18

� and M
� represent the Laplace transform
In this equation of motion, K
of mass and stiffness matrices of the coupled system, respectively.
And �U, F� (s) represent the Laplace transform of displacement and
dynamic force vector of the system, respectively. Also, ζ and s define
the damping ratio of the system and Laplace complex variable,
respectively. In addition, the Laplace transformation of equations 17
gives a set of linear algebraic equations 18 with complex coefficients
in Laplace domain. In this paper, the complex solutions of linear
algebraic equation 18 has been obtained using Cholesky method.
Then, the real solutions of equation 18 has been calculated using
Durbin’s numerical inverse Laplace transform technique [36].
In the numerical model of structure-foundation problem, 8 nodded
isoparametric, quadratic finite elements and 7 nodded isoparametric,
quadratic infinite elements are used. The foundation medium is
assumed to be homogeneous, isotropic and viscoelastic region. The

Figure 2. Structure-water-foundation interaction problem (Model 2)
In order to satisfy the interaction between solid and fluid regions, the
displacements along the interface nodes have to be equal. Therefore,
some rigid one-dimensional elements are embedded along the
interface nodes with the length of 1/1000 m. the constrain parameter
in fluid and the stiffness of interaction elements are selected by
testing many conditions. The rotational constraint parameter and
stiffness of interaction element is found to be 240 and 315.55E+16,
respectively.
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Table 3. Model 2 static responses

Figure 3. Structure-water-foundation interaction problem including
infinite region of foundation (Model 3)
The foundation material in Figure 2 and Figure 3 has assumed as
homogeneous, isotropic and viscoelastic medium. The mechanical
properties of structure, water and foundation region are given in
Table 1. In Figure 2, the foundation length and depth are assumed to
be three times length of the structure height [23]. Boundary conditions
of near foundation region in Figure 2 are assumed to be constrained
in x and y directions while, that of the fluid region in Figure 1, 2, 3 are
assumed to be constrained only in x direction. The dimensions,
number of points and interface node numbers of each model are
clearly given in Figure 1, 2, and 3. In this paper, only the horizontal
and vertical displacement responses of point 1 are given.
Table 1. Material Properties of Numerical models

4.

Medium

Bulk Modulus
(Pa)

Modulus of
Elasticity (Pa)

Fluid
Structure
Foundation

2.07E+9
-

3.18E+10
2.0E+8

Mass
Density
(kg/m3)

1000
2400
2000

Poisson
Ratio

0.2
0.35

Results and Discussions

4.1. Static Responses
At the points 1 and 95 of the Models 1, 2, 3, the static loads 2242kN
and 1242kN are applied in opposite x direction, respectively. The
static displacement responses of vertically selected 13 nodes inside
the structure for each model are given in Table 2, 3, 4. As seen from
Tables, the x displacement responses are getting smaller near to rigid
foundation. Also, the static displacement responses of the interface
nodes between solid and fluid regions are given. As seen in the Tables
2, 3, 4, the interface node displacements are very closed to be equal.
Therefore, the dynamic interaction between these regions is clearly
provided with Lagrangian approach.

NODE

X DISP.

Y DISP.

3
9
25
42
58
75
91
108
124
141
157
174
190

-2.5022868E-04
-1.8329715E-04
-8.7670618E-05
-1.6694576E-05
-4.1390931E-06
-2.2108948E-06
-5.3948211E-06
-5.0367030E-06
-1.8449836E-06
3.2579575E-07
7.8721627E-07
1.1054016E-06
1.8027630E-06

4.9259747E-06
1.3636560E-05
-7.7616210E-07
-1.8052986E-05
-8.7299104E-06
-3.7582781E-06
-2.2139634E-06
-2.2201868E-06
-2.2718100E-06
-9.6341887E-07
-1.8849099E-07
4.0731874E-07
7.2245132E-07

INTERFACE
NODES
22-23
40-41
55-56
73-74
88-89
106-107
121-122
139-140
154-155
172-173
187-188

INTERFACE NODE DISP.
-1.1787674E-05, -1.1787674E-05
-1.0126892E-06, -1.0126894E-06
-3.1380551E-07, -3.1380551E-07
-2.6380255E-07, -2.6380260E-07
-5.3729133E-07, -5.3729138E-07
-2.2843675E-07, -2.2843680E-07
-2.6843250E-07, -2.6843253E-07
-1.5393564E-08, -1.5393567E-08
8.8903235E-08, 8.8903235E-08
1.6218532E-07, 1.6218533E-07
5.8003444E-08, 1.0001622E-06

The same static results are obtained for Model 2 and Model 3.

Table 4. Model 3 static responses
NODE

X DISP.

Y DISP.

3
9
25
42
58
75
91
108
124
141
157
174
190

-2.5022868E-04
-1.8329716E-04
-8.7670640E-05
-1.6694579E-05
-4.1391190E-06
-2.2109416E-06
-5.3949002E-06
-5.0368308E-06
-1.8451176E-06
3.2571808E-07
7.8746410E-07
1.1064575E-06
1.8048403E-06

4.9269538E-06
1.3637542E-05
-7.7518087E-07
-1.8052013E-05
-8.7289372E-06
-3.7573152E-06
-2.2130318E-06
-2.2193171E-06
-2.2710603E-06
-9.6282781E-07
-1.8812310E-07
4.0753073E-07
7.2284638E-07

INTERFACE
NODES
22-23
40-41
55-56
73-74
88-89
106-107
121-122
139-140
154-155
172-173
187-188

INTERFACE NODE DISP.
-1.1787675E-05 -1.1787676E-05
-1.0126894E-06 -1.0126896E-06
-3.1380873E-07 -3.1380875E-07
-2.6380476E-07 -2.6380485E-07
-5.3729923E-07 -5.3729929E-07
-2.2844161E-07 -2.2844166E-07
-2.6844540E-07 -2.6844543E-07
-1.5392200E-08 -1.5392203E-08
8.8941761E-08 8.8941761E-08
1.6235283E-07 1.6235285E-07
5.8155599E-08 1.0012479E-06

The maximum horizontal static displacement of the structure is seen
in node 1 of the structure. The rotation constraint parameter and
stiffness of interaction element which are found by solving many
conditions are required in dynamic analysis of the models again. The
rotation constraint parameter 240 and stiffness of interaction
element 315.55E+16 are utilized in transient analysis of the models.
4.2. Dynamic Responses
In the dynamic investigation of the models, horizontal ground
acceleration data given in Reference [35] is imposed on the models as
dynamic load.

Table 2. Model 1 static responses
NODE
3
9
25
42
58
75
91
108
124
141
157
174
190

X DISP.
(m)
-2.5023226E-04
-1.8329814E-04
-8.7668705E-05
-1.6686201E-05
-4.1199874E-06
-2.1717601E-06
-5.3256044E-06
-4.9265404E-06
-1.7001495E-06
4.6698915E-07
7.5937567E-07
6.1790843E-07
0.0000000E+00

Y DISP.
(m)
3.4145316E-06
1.2124998E-05
-2.2877748E-06
-1.9563915E-05
-1.0237398E-05
-5.2563601E-06
-3.6889933E-06
-3.6493011E-06
-3.6126510E-06
-2.1593667E-06
-1.1905291E-06
-3.9108792E-07
0.0000000E+00

INTERFACE
NODES
22-23
40-41
55-56
73-74
88-89
106-107
121-122
139-140
154-155
172-173
187-188

INTERFACE NODE DISP.
(m)
-1.1787576E-05, -1.1787577E-05
-1.0122486E-06, -1.0122488E-06
-3.1188767E-07, -3.1188770E-07
-2.6191577E-07, -2.6191583E-07
-5.3062689E-07, -5.3062695E-07
-2.2387468E-07, -2.2387474E-07
-2.5415196E-07, -2.5415198E-07
-1.1976621E-08, -1.1976623E-08
8.4530875E-08, 8.4530882E-08
5.4265833E-08, 5.4265836E-08
0.0000000E+00, 0.0000000E+00

Figure 4. Horizontal ground acceleration data [35]
The responses are drawn in displacement-time variation. In this
investigation, the structure-foundation interaction problem is firstly
analyzed and the responses for node 1 are given in Figure 2. Then,
water region is added to the models. The effects of water and water
compressibility considering Bulk modulus of water on the models are
seen to be very significant. The displacements are also increased
when water is added to the models (structure-water, structure-waterfoundation model).

As seen in Table 2, the interface node displacements are too closed
between two nodes.
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ρf : The mass density of the fluid
g : Gravitational acceleration
α : Constraint parameter
ζ : Damping ratio of the system
s : Laplace complex variable
Wz : Rotational equation
� : The Laplace transform of stiffness matrix
K
� : The Laplace transform of mass matrix
M
πt : The total potential energy of fluid domain

Declaration of Conflict of Interests
Figure 5. The structure-foundation interaction problem for Models 1,
2, and Model 3
Also, the bounded foundation region effect on the dynamic responses
of the Model 2 is not giving actual behavior of the model. When the
foundation is assumed to be bounded, the radiation of waves can’t
happen at the boundaries. Therefore, the reflected waves come back
to the structure. And, the actual behavior of the problem can’t be
expected using bounded regions in foundation and water regions.

Figure 6. The structure-water-foundation interaction problem for
Models 1, 2, and Model 3
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