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 The thick-walled homogeneous vessel subjected to uniform internal pressure was analyzed 
considering finite strains to calculate the capacity increase due to work hardening behavior 
with respect to the Elastic-Perfectly-Plastic material model. The assumptions of linear 
isotropic work hardening and Tresca yield criterion are employed to model the material 
behavior in the plastic zone of the container. Green strain tensor including the second order 
terms is calculated in Cartesian coordinate system and transformed to polar coordinate 
system by considering θ-independent components due to the axisymmetric conditions of 
loading, geometry, mechanical properties and boundary; consequently, a nonlinear 
compatibility equation in the plastic zone of the tanker is derived. The numerical results 
show that the behavior of the vessel made of the material with the linear isotropic strain 
hardening behavior is improved and its capacity is increased. 

1. Introduction 

A pressure vessel is a container used to hold gases (or liquids) at a 
pressure higher than the ambient pressure. In the chemical plants 
and petroleum refineries, the high pressure vessels are required. 
Mostly, pressure vessels with shapes made of sections of cylinders, 
spheres and cones are used. A common design is a cylinder with 
torispherical or hemispherical end heads. This form is much easier to 
construct and analyze and safer to operate. The elastic design of 
pressure vessels is uneconomical because of the required high 
internal pressure; therefore, the through-thickness plastic 
propagation occurs in the thick-walled pressure vessel. 

In isotropic strain hardening behavior, the shape of the yield surface 
expands with increasing stress, but the shape will be remained the 
same. In the uniaxial loading case, a specimen deforms to the yield 
point and then will harden. In the case of a material with Elastic-
Perfectly-Plastic behavior, when the stress reaches the yield point, 
plastic deformation will occur, but the stress level will remain at the 
yield stress level. When the stress level decreases, the elastic strain 
relief will occur. In the case of the isotropic strain hardening material 
model, when the yield point is reached, the stress will be increased to 
produce more plastic strain. If the stress level remains unchanged, no 
further plastic deformation or elastic strain relief occurs. In contrast 
to the isotropic strain hardening material model, plastic deformation 
or elastic strain relief occurs in the  Elastic-Perfectly-Plastic material 
model if the stress level remains unchanged. The hardening rule 
explains the way the yield surface changes with plastic deformation. 
In the isotropic strain hardening model, the yield points in 
compression and tension are initially the same. The yield surface is 
symmetrical about the stress axes, therefore the yield points in 
compression and tension remain the same while the yield surface 
develops with plastic strain. 

An efficient analytical solution of thermo-elastic behaviour of multi-
layered spherical pressure vessel was developed [1]. An analytical 
procedure based on calculus of variations is used for the shape 
optimization of a pressure vessel [2]. The Ritz method is employed for 
the stress and deformation analyses of standard pressure vessels 
made of orthotropic material [3]. The temperature dependence of the 
relevant properties of steel and aluminum is considered to calculate 
the elastic limits of functionally graded material pressure vessels 
under combined thermo-mechanical loads [4]. An overview of test 
standards and regulations relevant to the fire testing of pressure 
vessels is presented [5]. Some analytical solutions in the classic 
problems of exact solutions for stresses in functionally graded 
pressure vessels are corrected [6]. A new concept for modular 
composite pressure vessels is developed countering the 
disadvantages of the common monolithic design [7]. 

In the present work, an elastoplastic analysis of a cylindrical, thick-
walled, internally pressurized container made of homogeneous 
material with linear isotropic strain hardening behavior is performed. 
A nonlinear compatibility relation for plastic strains under 
axisymmetric conditions is derived by satisfying the Tresca yield 
criterion based on Green strains. The improvement in behavior and 
the increase in capacity are observed. 

2. Governing Equations 

The governing equations are derived considering axisymmetric 
conditions of geometry, mechanical properties, loading and boundary 
conditions. The equilibrium equation for elastic or plastic zones of the 
cylinder is simplified and written in Eq.(1). 

𝜎𝜎𝑟𝑟′(𝑟𝑟) + �𝜎𝜎𝑟𝑟(𝑟𝑟) − 𝜎𝜎𝜃𝜃(𝑟𝑟)� 𝑟𝑟⁄ = 0     (1) 

The compatibility equation for elastic zone of the cylinder is given in 
Eq. (2). 
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𝜀𝜀𝜃𝜃′ (𝑟𝑟) + �𝜀𝜀𝜃𝜃(𝑟𝑟) − 𝜀𝜀𝑟𝑟(𝑟𝑟)� 𝑟𝑟⁄ = 0  (2)  

The parameters 𝜎𝜎𝑟𝑟(𝑟𝑟) and 𝜀𝜀𝑟𝑟(𝑟𝑟) are radial stress and radial strain; 
moreover, the parameters 𝜎𝜎𝜃𝜃(𝑟𝑟) and 𝜀𝜀𝜃𝜃(𝑟𝑟) are circumferential stress 
and hoop strain respectively. Moreover, 𝜎𝜎𝑟𝑟′(𝑟𝑟) and 𝜀𝜀𝜃𝜃′ (𝑟𝑟) are the first 
derivatives of 𝜎𝜎𝑟𝑟(𝑟𝑟) and 𝜀𝜀𝜃𝜃(𝑟𝑟) with respect to 𝑟𝑟, respectively. 
Considering the plane strain condition, 𝜀𝜀𝑧𝑧(𝑟𝑟) = 0, and Hooke’s law in 
the elastic zone, we get 

𝜀𝜀𝑟𝑟(𝑟𝑟) = �(1− 𝜈𝜈2)𝜎𝜎𝑟𝑟(𝑟𝑟) − 𝜈𝜈(1 + 𝜈𝜈)𝜎𝜎𝜃𝜃(𝑟𝑟)� 𝐸𝐸⁄   (3)  

𝜀𝜀𝜃𝜃(𝑟𝑟) = �−𝜈𝜈(1 + 𝜈𝜈)𝜎𝜎𝑟𝑟(𝑟𝑟) + (1− 𝜈𝜈2)𝜎𝜎𝜃𝜃(𝑟𝑟)� 𝐸𝐸⁄   (4)  

The finite strain in the Cartesian coordinate system can be obtained 
as follows:  

𝐸𝐸𝑥𝑥 = 𝑢𝑢𝑥𝑥,𝑥𝑥 +
1
2 �
𝑢𝑢𝑥𝑥,𝑥𝑥
2 + 𝑢𝑢𝑦𝑦,𝑥𝑥

2 � 
(5)  

In the Cartesian coordinate system, the displacements 𝑢𝑢𝑥𝑥 and 𝑢𝑢𝑦𝑦 in 
the plastic zone are determined. These displacements can be obtained 
in the polar coordinate system. 

𝑢𝑢𝑥𝑥 = 𝑢𝑢𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑢𝑢𝜃𝜃𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 (6)  

𝑢𝑢𝑦𝑦 = 𝑢𝑢𝑟𝑟𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 + 𝑢𝑢𝜃𝜃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (7)  

By substituting Eq. (6) and Eq. (7) into Eq. (5) and applying the chain 
rule, the plastic finite strains in the polar coordinate system for 
axisymmetric conditions are obtained as follows: 

𝜀𝜀𝑟𝑟 = 𝑢𝑢𝑟𝑟,𝑟𝑟 +
𝑢𝑢𝑟𝑟,𝑟𝑟
2

2
 (8) 

𝜀𝜀𝜃𝜃 =
𝑢𝑢𝑟𝑟
𝑟𝑟

+
1
2
�
𝑢𝑢𝑟𝑟
𝑟𝑟
�
2
 (9) 

A nonlinear compatibility equation for the plastic zone of the cylinder 
is calculated from Eq. (8) and Eq. (9). 

𝜀𝜀𝑟𝑟 − 𝜀𝜀𝜃𝜃 = 𝑟𝑟 𝜕𝜕𝜀𝜀𝜃𝜃
𝜕𝜕𝑟𝑟
�1 + 𝑟𝑟 𝜕𝜕𝜀𝜀𝜃𝜃

𝜕𝜕𝑟𝑟
(2 + 4𝜀𝜀𝜃𝜃)� �  (10)  

The effective stress of vessel subjected to internal pressure is 
calculated based on Tresca yield criterion as follows: 

|𝜎𝜎eff(𝑟𝑟)| = |𝜎𝜎𝜃𝜃(𝑟𝑟) − 𝜎𝜎𝑟𝑟(𝑟𝑟)| = 𝜎𝜎𝑦𝑦  (11)  

The differential increment of plastic strain is calculated in Eq.(12). 

𝑑𝑑𝜀𝜀𝑖𝑖𝑖𝑖
𝑝𝑝 = 1

ℎ
𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎𝑘𝑘𝑘𝑘

𝑑𝑑𝜎𝜎𝑘𝑘𝑘𝑘   (12)  

where the parameter ℎ is introduced in Eq. (13). 

ℎ = −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀𝑖𝑖𝑖𝑖

𝑝𝑝
𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎𝑖𝑖𝑖𝑖

−
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀𝑝𝑝

𝑑𝑑𝑑𝑑

�𝑑𝑑𝜀𝜀𝑖𝑖𝑖𝑖𝑑𝑑𝜀𝜀𝑖𝑖𝑖𝑖
�
𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎𝑖𝑖𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝜎𝜎𝑖𝑖𝑖𝑖

 (13) 

Based on the theory of associated plasticity, the potential, yield, and 
stress functions are 

𝜕𝜕�𝜎𝜎𝑖𝑖𝑖𝑖 ,𝑑𝑑� = 𝜕𝜕�𝜎𝜎𝑖𝑖𝑖𝑖 ,𝑑𝑑� = 𝐹𝐹�𝜎𝜎𝑖𝑖𝑖𝑖� − 𝜎𝜎𝑒𝑒(𝑑𝑑) 2⁄ = 0 (14)  

𝐹𝐹�𝜎𝜎𝑖𝑖𝑖𝑖� =
𝜎𝜎𝜃𝜃(𝑟𝑟) − 𝜎𝜎𝑟𝑟(𝑟𝑟)

2
 

(15)  

The equivalent plastic strain is  

𝑑𝑑𝜀𝜀𝑝𝑝 =
𝑠𝑠�𝑑𝑑𝜀𝜀𝑖𝑖𝑖𝑖𝑑𝑑𝜀𝜀𝑖𝑖𝑖𝑖𝐹𝐹�𝜎𝜎𝑖𝑖𝑖𝑖�

𝜎𝜎𝑒𝑒�
𝜕𝜕𝐹𝐹
𝜕𝜕𝜎𝜎𝑘𝑘𝑘𝑘

𝜕𝜕𝐹𝐹
𝜕𝜕𝜎𝜎𝑘𝑘𝑘𝑘

 
(16)  

The parameter 𝑠𝑠 for Tresca yield criterion is 1. The differential 
increments of the plastic strains in the radial and circumferential 
directions have been calculated. 

𝑑𝑑𝜀𝜀𝑟𝑟
𝑝𝑝 = −𝑑𝑑𝜀𝜀𝜃𝜃

𝑝𝑝 =
𝑑𝑑𝜎𝜎𝑟𝑟 − 𝑑𝑑𝜎𝜎𝜃𝜃

𝐻𝐻𝑝𝑝
 

(17)  

The parameter 𝐻𝐻𝑝𝑝 is the slope of the stress-strain curve for uniaxial 
tensile loading in the plastic region. 

3. Formulation 

The differential equation of the elastic zone for cylindrical tanks is 
derived by combining the equilibrium and compatibility equations 
with Hooke's law as follows:  
 
𝑟𝑟𝜎𝜎𝑟𝑟′′(𝑟𝑟) + 3𝜎𝜎𝑟𝑟′(𝑟𝑟) = 0 (18) 

The inner radius and outer radius of the cylinder are a and b, 
respectively. The plastic zone is established from inner radius and 
spreads toward the outer radius. By applying the boundary condition 
and Tresca yield criterion, the radial stresses of the elastic zone for 
perfectly plastic or work hardening models are calculated as follows: 

𝜎𝜎𝑟𝑟(𝑟𝑟) = 𝜎𝜎𝑦𝑦
2
��𝑐𝑐

𝑏𝑏
�
2
− �𝑐𝑐

𝑟𝑟
�
2
�  (19) 

where 𝑐𝑐 is a radius between 𝑎𝑎 and 𝑏𝑏. The plastic strain at radius 𝑐𝑐 is 
vanished. Integrating from Eq. (17) for 𝑎𝑎 ≤ 𝑟𝑟 ≤ 𝑐𝑐, one has 

𝜀𝜀𝑟𝑟
𝑝𝑝(𝑟𝑟) + 𝜀𝜀𝜃𝜃

𝑝𝑝(𝑟𝑟) = 0 (20)  

By considering Eq. (10) and Eq. (20), the plastic circumferential strain 
can be calculated explicitly. 

𝑙𝑙𝑠𝑠 �𝜀𝜀𝜃𝜃
𝑝𝑝(𝑟𝑟)� + 𝑎𝑎𝑟𝑟𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠 �2𝜀𝜀𝜃𝜃

𝑝𝑝(𝑟𝑟)� + 𝑎𝑎𝑟𝑟𝑐𝑐𝑎𝑎𝑎𝑎𝑠𝑠ℎ ��1− 4𝜀𝜀𝜃𝜃
𝑝𝑝(𝑟𝑟)2�

−0.5� 

= 𝑙𝑙𝑠𝑠 �
𝑐𝑐
𝑟𝑟
�
4
−
𝜋𝜋
8
𝑠𝑠 

(21)  

in which the parameter i is the square root of -1. After numerically 
calculating the circumferential plastic strain from Eq. (21), the radial 
plastic stress can be calculated by combining the equilibrium equation 
and Eq. (17) as follows: 

𝜎𝜎𝑟𝑟(𝑟𝑟) = �
𝐻𝐻𝑝𝑝𝜀𝜀𝜃𝜃

𝑝𝑝(𝑟𝑟)
𝑟𝑟

𝑑𝑑𝑟𝑟 + 𝐶𝐶1𝑙𝑙𝑠𝑠(𝑟𝑟) + 𝐶𝐶2 
(22)  

The integration constants are obtained by satisfying the boundary 
condition at the inner radius and the continuity of the elastic and 
plastic radial stresses at 𝑟𝑟 = 𝑐𝑐. 

𝐶𝐶1 = �𝑙𝑙𝑠𝑠 �
𝑎𝑎
𝑐𝑐
��

−1

�
𝜎𝜎𝑦𝑦
2
�1 − �

𝑐𝑐
𝑏𝑏
�
2
�+ 𝐼𝐼(𝑐𝑐) − 𝐼𝐼(𝑎𝑎) − 𝑃𝑃� (23) 

𝐶𝐶2 =
𝑙𝑙𝑠𝑠(𝑎𝑎)

2𝑙𝑙𝑠𝑠(𝑎𝑎 𝑐𝑐⁄ )�𝜎𝜎𝑦𝑦 ��
𝑐𝑐
𝑏𝑏
�
2
− 1� − 2𝐼𝐼(𝑐𝑐)�+

𝑙𝑙𝑠𝑠(𝑐𝑐)
𝑙𝑙𝑠𝑠(𝑎𝑎 𝑐𝑐⁄ )

(𝐼𝐼(𝑎𝑎) + 𝑃𝑃) (24) 

where the parameter 𝑃𝑃 is the internal pressure. The function 𝐼𝐼(𝑟𝑟) is  

𝐼𝐼(𝑟𝑟) = �
𝐻𝐻𝑝𝑝𝜀𝜀𝜃𝜃

𝑝𝑝(𝑟𝑟)
𝑟𝑟

𝑑𝑑𝑟𝑟 
(25)  

The internal pressure can be obtained by considering the continuity 
of the elastic and plastic circumferential stresses at the radius 𝑐𝑐. 

𝑃𝑃 = 𝜎𝜎𝑦𝑦 �𝑙𝑙𝑠𝑠 �
𝑐𝑐
𝑎𝑎
��+

𝜎𝜎𝑦𝑦
2 �1 −

𝑐𝑐2

𝑏𝑏2�
+ 𝐼𝐼(𝑐𝑐) − 𝐼𝐼(𝑎𝑎) 

(26)  

In the case of the perfectly plastic model (𝐼𝐼(𝑟𝑟) = 0), the capacity of the 
pressure vessel when 𝑐𝑐 approaches 𝑏𝑏 is given by 

𝑃𝑃𝑚𝑚𝑚𝑚𝑥𝑥 = 𝜎𝜎𝑦𝑦 �𝑙𝑙𝑠𝑠 �
𝑏𝑏
𝑎𝑎
�� 

(27)  

The increase in the capacity of the pressure vessel by considering 
isotropic strain hardening based on Green strain is 
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Δ𝑃𝑃 = �
𝐻𝐻𝑝𝑝𝜀𝜀𝜃𝜃

𝑝𝑝(𝑟𝑟)
𝑟𝑟

𝑑𝑑𝑟𝑟
b

a
 

(28)  

4. Results and Discussion 

The circumferential strain against various amounts of the 
parameters 𝑎𝑎 and 𝑏𝑏 is shown in Fig. (1). Fig (2) and Fig. (3) demonstrate 
the plastic strain field in dimensionless coordinate system. The 
increment in capacity of the pressure vessel made of steel with 
mechanical properties 𝐸𝐸 = 2 × 106 𝑘𝑘𝜕𝜕 𝑐𝑐𝑚𝑚2⁄  and 𝜎𝜎𝑦𝑦 = 2400 𝑘𝑘𝜕𝜕 𝑐𝑐𝑚𝑚2⁄  
for various amounts of 𝑎𝑎 and 𝑏𝑏 is depicted in Fig. (4). The elasticity 
modulus and yield stress are shown by the symbols 𝐸𝐸 and 𝜎𝜎𝑦𝑦, 
respectively. In this work, by approaching 𝑎𝑎 to 𝑏𝑏, the increment of the 
pressure vessel capacity approaches to zero; consequently, the effect 
of the  strain hardening on the capacity of the thin-walled cylindrical 
tanker is negligible. According to Fig. 4, for constant amount of the 
radius 𝑏𝑏, the capacity increment of the pressure vessel is increased by 
increasing the thickness of the thick-walled cylindrical tanker.  

 

 

Figure 1. The circumferential strain for various 𝑏𝑏 

 

Figure 2. The radial strain against ratios of 𝑎𝑎/𝑏𝑏 

 

Figure 3. The hoop strain against ratios of 𝑎𝑎/𝑏𝑏 

 

Figure 4. The capacity increment (𝐻𝐻𝑝𝑝 𝐸𝐸⁄ = 0.5%) 

 

5. Conclusion 

An elastoplastic analysis of a cylindrical, thick-walled, internally 
pressurized reservoir made of homogeneous material with linear 
isotropic strain hardening behavior is conducted. A nonlinear 
compatibility relation based on Green strain assumptions for plastic 
region under axisymmetric conditions of loading, geometry, 
mechanical properties and boundary conditions is derived by 
satisfying the Tresca yield criterion. The improvement in behavior 
and the increase in capacity are observed. It is shown that for 
constant amount of the outer radius, 𝑏𝑏, the capacity increment of the 
pressure vessel is increased by increasing the thickness of the thick-
walled pressure vessel.  

 

Nomenclature 

𝑎𝑎 : Inner radius of the cylinder 
𝑏𝑏 : Outer radius of the cylinder 
𝜎𝜎𝑟𝑟 : Radial stress 
𝜎𝜎𝜃𝜃 : Circumferential stress 
𝜀𝜀𝑟𝑟 : Radial strain 
𝜀𝜀𝜃𝜃 : Circumferential strain 
𝐸𝐸𝑥𝑥 : Green strain in 𝑥𝑥 direction 
𝑢𝑢𝑥𝑥 : Displacement in 𝑥𝑥 direction 
𝑢𝑢𝑦𝑦 : Displacement in 𝑦𝑦 direction 
𝑢𝑢𝑟𝑟 : Displacement in 𝑟𝑟 direction 
𝑢𝑢𝜃𝜃 : Displacement in 𝑐𝑐 direction 
𝜎𝜎eff : Effective stress 
𝜎𝜎y : Yield stress 
𝜀𝜀𝑖𝑖𝑖𝑖
𝑝𝑝  : Plastic strain tensor 

𝜕𝜕 : Stress function 
𝜕𝜕 : Potential function 
𝐹𝐹 : Yield function 
𝑑𝑑𝜀𝜀𝑝𝑝 : Equivalent plastic strain 
𝑃𝑃 : Internal pressure 
v : Capacity of the pressure vessel 
Δ𝑃𝑃 : Increment of the capacity 
𝐻𝐻𝑝𝑝 : Slope of the stress-strain curve 
𝐸𝐸 : Elasticity modulus 
𝑐𝑐 :Radius of the plastic deformation initiation 
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