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 In geotechnical engineering, the creep problem of soil under cyclic loading is often involved. 
To describe the creep behavior of soil under cyclic loading, a novel creep constitutive model 
based on fractional Abel model, which describe the stable and destructive creep behaviors of 
soil under cyclic loading, was constructed. In this styudy, the cyclic loading was decomposed 
into a average static load and a cyclic loading with a zero average stress. The creep 
constitutive equation based on Abel model was given under the static load according to 
rheological mechanics theory, and the dynamic constitutive equation of soil under the 
decomposed loading was deduced according to viscoelastic mechanics theory. In the process, 
in order to reflect the influence of soil damage and plastic deformation on energy storage and 
energy consumption compliance of the ideal Abel model. The energy storage and 
consumption compliance variation parameters were introduced. Finally, a new creep 
constitutive equation of soil under cyclic loading could be obtained by superimposing the 
constitutive equation of soil under the decomposed static load and cyclic loading. The results 
showed the established creep constitutive model of soil under cyclic loading could be used to 
describe various creep behaviors of soil under cyclic loading, the model curves correlated very 
well with the experimental data, the obtained model parameters variation with increasing the 
dynamic stress amplitude of cyclic loading presented certain regularity, but the parameters 
change was discontinuous for stable creep and destructive behaviors. 

1.Introduction 

In geotechnical engineering, the soil is often subjected to cyclic load, 
such as traffic load [1], machine vibrations [2] and the others. However, 
under long-term cyclic loading, the strength of soil would decrease and 
the deformation increased, thus some engineering accidents maybe be 
caused. The creep behavior of soil under cyclic loading are often 
encountered especially in subgrade and tunnel engineering, for 
instance, the tunnel settlement of subways in Shanghai has exceeded 
20 cm since its operation[3], and the subsequent settlement caused by 
traffic load has reached 15cm according to the field survey of Saga 
airport [3, 4]. Therefore, the creep behavior of soil under cyclic loading 
are related to the safety of engineering construction. 
 
The strength and creep properties of soils under cyclic loading are not 
only related to the properties of soil, but also to the frequency, stress 
amplitude and loading time of cyclic loading. When the stress upper 
limit of cyclic load is higher than the critical strength of soil, the 
destructive creep occurs; When the stress upper limit of cyclic load is 
lower than the critical strength, the stable creep occurs; When the 
stress upper limit of cyclic loading is near the critical strength, the 
critical creep occurs (see Fig. 1) [5]. To predict and calculate the 
permanent deformation of soils under cyclic loading, the some creep 
constitutive model for soils under cyclic loading are proposed, the two 
most common creep constitutive models are empirical constitutive 
and component model. 

 
Figure 1. Creep curves of soil under cyclic loading [5] 

 
There are empirical models for predicting and calculating the 
permanent deformation of soils under cyclic loads. Power model        
𝜀𝜀𝑝𝑝 = 𝑎𝑎𝑁𝑁𝑏𝑏  [6], modified or empirical power models [7-10], such as a 

modified exponential model 𝜀𝜀𝑝𝑝 = 𝜀𝜀𝑝𝑝，1000 �
𝑁𝑁

1000
�
𝜆𝜆
 proposed by Guo [11]. 

Aslo, there are some theory model such as anisotropic hardening 
model[12,13], boundary model and the others. Additionally, Ren [14] 

established a new strain accumulation model 𝜀𝜀𝑝𝑝 = (𝑓𝑓𝑓𝑓)𝑏𝑏

𝑎𝑎+𝑐𝑐(𝑓𝑓𝑓𝑓)𝑏𝑏

  

with the 

three parameters by analogizing the Hardin-Drnevich model and 
Monismith model. Jia [15] proposed a cumulative strain prediction 
model for soils under high and low cyclic stress based on classical 
elastic-plastic theory. Ren [16] proposed a grey cumulative plastic 
deformation model NNGM (1,1) by improving the traditional grey 
model GM (1,1) to predict the permanent deformation of soil under 
cyclic loading. 
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In terms of component models, according to the rheological theory, 
many models, which can describe different creep behavior of soils, can 
be established by combining elastic, viscous and plastic elements. 
Huang et al. [17] established a creep constitutive model to describe the 
creep behavior of soil under cyclic loading based on Kelvin model by 
simplifying the random loading on the pavement as a harmonic load. 
Zhang et al. [18] established a five-element viscoelastic-plastic model 
to describe creep behavior of subgrade soil under traffic load, the cyclic 
loading is transformed into a static stress by the principle of impulse 
equivalence in the process of modeling. Chen [19] used the elastic, 
viscous and plastic fatigue elements to establish a fractional-order 
nishihara's fatigue model of soil under cyclic loading based on by 
simplifying the cyclic loading to a static form load. 

 
Although there are many constitutive models describing the creep 
behavior of soil under cyclic loading, many of them belongs to static-
form constitutive models which can not comprehensively reflect the 
effect of frequency, stress amplitude of cyclic loading on creep 
behavior of soil. Additionally, many constitutive models are built by 
simplifying the cyclic load to a static load. In fact, the creep curve of 
soil under cyclic loading is a wave curve shown in Fig.2 [3], which 
makes it difficult to express the creep characteristics of soil under 
cyclic loading. In view of this, the aims of this paper is to establish a 
constitutive model based on the Abel model describing the creep 
behavior of soil under cyclic loading to describe different creep 
behavior of soil under cyclic loading. 

 

 
Figure 2. Creep curve of soil under cyclic loading [3] 

 

2. Creep theory of soil under cyclic loading 

2.1.  Cyclic loading 

The sinusoidal cyclic loading was taken as a research object, and it was 
assumed that the soil is subjected to the cyclic loading shown in Fig.3, 
the cyclic loading can be expressed as 
 

𝜎𝜎(𝑡𝑡) = [(𝜎𝜎max + 𝜎𝜎min)/2] + [(𝜎𝜎max − 𝜎𝜎min)/2]sin𝜔𝜔𝑡𝑡
            

（1） 
 
Where 𝜎𝜎max is the upper limit of of cyclic loading, 𝜎𝜎min is the lower limit 
of of cyclic loading , 𝑓𝑓 is the frequency of cyclic loading, 𝑓𝑓 = 1/𝑇𝑇

 
𝑡𝑡 is 

the time of cyclic loading acting on soil, the relationship between the 
number of cycles 𝑁𝑁  and time 𝑡𝑡  is 𝑡𝑡 = 𝑁𝑁𝑇𝑇 , 𝜔𝜔  is angle frequency,           
𝜔𝜔 = 2𝜋𝜋𝑓𝑓. Stress amplitude 𝜎𝜎ampl of cyclic loading is (𝜎𝜎max − 𝜎𝜎min)/2. 

 
Figure 3. Sin wave cyclic loading 

 
 
 

According to previous study [5, 20], in order to study the creep behavior 
of soil under cyclic loading, the cyclic loading  𝜎𝜎(𝑡𝑡) was decomposed 
into a static load 𝜎𝜎 and cyclic loading  𝜎𝜎𝑑𝑑(𝑡𝑡) with an average of 0 (see 
Fig.4). 
 

𝜎𝜎 = (𝜎𝜎max + 𝜎𝜎min)/2, 𝜎𝜎𝑑𝑑(𝑡𝑡) = 𝜎𝜎amplsin𝜔𝜔𝑡𝑡  （2） 

 
Figure 4. Decomposition of cyclic loading 

2.2 Creep behavior of soil under cyclic loading 

The creep behavior of soil under cyclic loading can be divided into 
stable, critical and destructive creep according to the curves 𝜀𝜀(𝑁𝑁) −𝑁𝑁. 
According to previous study [21-24], the stable creep is that in the 
initial stage of loading, the creep rate of soil is faster, as the cycles 
number 𝑁𝑁 increases, the strain rate does not increase any more, but 
tends to a fixed value. The critical creep behavior is that the soil strain 
sometimes increased and sometimes decreased with the increasing 
cycles number 𝑁𝑁 , and 𝜀𝜀(𝑁𝑁)− 𝑁𝑁  curves presents a fluctuation state . 
The destructive creep is that the strain rate increased with increasing 
cycles number 𝑁𝑁 all the time. When the stress level of cyclic load is low, 
the soil would undergo stable creep; When the stress amplitude of 
cyclic loading is higher than the critical stress amplitude of soil, the 
soil would undergo destructive creep; When the stress amplitude of 
cyclic load is near the critical stress amplitude of soil, the soil would 
undergo critical creep. 

2.3 Strain response of soil under cyclic loading 

As previous study [5, 25], the creep behavior of soil in the process of 
loading and unloading can be expressed by the wave and smooth 
curves shown in Fig. 5. As shown in Fig. 5, the strain 𝜀𝜀(𝑁𝑁) of soil under 
cyclic loading 𝜎𝜎(𝑡𝑡) is composed of strain 𝜀𝜀𝑠𝑠(𝑁𝑁) under static load 𝜎𝜎 and 
dynamic strain 𝜀𝜀𝑑𝑑(𝑁𝑁) under cyclic loading 𝜎𝜎𝑑𝑑(𝑡𝑡)with average stress of 
0. Regardless of the influence of soil cracks and damage under loading 
on the continuity of creep curves, it assumed that the strain of soil 
under cyclic loading is a continuous function (see Eq.3) of time or 
number of cycles of cyclic loading [26]. 

 
𝜀𝜀(𝑁𝑁) = 𝜀𝜀𝑑𝑑(𝑁𝑁) + 𝜀𝜀𝑠𝑠(𝑁𝑁)         （3） 

 
Where 𝜀𝜀(𝑁𝑁) is strain of soil under cyclic loading 𝜎𝜎(𝑡𝑡) when the cycle 
number of cyclic loading is 𝑁𝑁; 𝜀𝜀𝑑𝑑(𝑁𝑁) is dynamic strain of soil under 
cyclic loading 𝜎𝜎𝑑𝑑(𝑡𝑡) ; 𝜀𝜀𝑠𝑠(𝑁𝑁)  is static strain of soil under static load 𝜎𝜎 
when the cycles number of cyclic loading 𝜎𝜎𝑑𝑑(𝑡𝑡) was 𝑁𝑁. 
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Figure 5. Creep curves of soil during loading and unloading [5] 

 

3.  Abel model under cyclic loading 

Based on the rheological mechanics theory, the mechanical model of 
elastic material is represented by spring, and its constitutive equation 
under cyclic loading is 𝜎𝜎(𝑁𝑁) = 𝐸𝐸𝜀𝜀(𝑁𝑁) . The mechanical model of 
viscous material is represented by the dashpot with piston, and its 
econstitutive equation under cyclic loading is 𝜎𝜎 = 𝜂𝜂[𝑑𝑑𝜀𝜀(𝑁𝑁)/𝑑𝑑𝑁𝑁]. The 
constitutive equation of elastic material can be written as                        
𝜎𝜎 = 𝐸𝐸[𝑑𝑑0𝜀𝜀(𝑁𝑁)/𝑑𝑑𝑁𝑁0]

, 
the constitutive equation of viscous material can 

be written as 𝜎𝜎 = 𝜂𝜂[𝑑𝑑1𝜀𝜀(𝑁𝑁)/𝑑𝑑𝑁𝑁1]
.
 However, there is a model which can 

be describe the mechanical property of viscoelastic material, it is the 
fractional-order Abel model shown in Fig.6. The Abel model 27]: 𝜎𝜎(𝑡𝑡) =
𝜂𝜂 𝑑𝑑𝑛𝑛[𝜀𝜀(𝑓𝑓)]

𝑑𝑑𝑓𝑓𝑛𝑛
 , which can describe the stress-strain relationship of 

viscoelastic material. Therefore, the constitutive equations of soil 
under cyclic loading based on Abel model (see Fig.4). 
 

𝜎𝜎(𝑡𝑡) = 𝜂𝜂 𝑑𝑑𝑛𝑛𝜀𝜀(𝑁𝑁)
𝑑𝑑𝑁𝑁𝑛𝑛

= 𝜂𝜂
𝑓𝑓𝑛𝑛

𝑑𝑑𝑛𝑛𝜀𝜀(𝑓𝑓)
𝑑𝑑𝑓𝑓𝑛𝑛

         （4） 

 
Where 𝜂𝜂 is the viscoelastic coefficient of Abel model, whose physical 
dimension is [stress·number n], 𝑛𝑛 is the material parameter reflecting 
the creep rate of soil under load, the parameters 𝜂𝜂、𝑛𝑛  could be 
determined by test. 

 
Figure 6. Abel model 

4.  Creep constitutive model of soil under cyclic loading 𝝈𝝈(𝒕𝒕) 

4.1 Creep constitutive model under static load 𝝈𝝈 

When 𝜎𝜎(𝑡𝑡) = 𝜎𝜎, according to the basic fractional calculus theory , the 
creep constitutive equation Eq. (5) of Abel model shown in Fig. 6 can be 
obtained from Eq. (4). 

 

𝜀𝜀𝑠𝑠(𝑁𝑁) = 𝜎𝜎
𝜂𝜂

𝑁𝑁𝑛𝑛

𝛤𝛤(1+𝑛𝑛)
             （5） 

 
The Eq.(5) is the fractional-order creep constitutive equation based on 
Abel model. In order to discuss the property of Eq.(5),  it is supposed 
thar 𝜎𝜎 =12 Mpa, 𝜂𝜂 =4GPa▪timesn and 𝑁𝑁 ranged from 1 to 1000. When 𝑛𝑛 
was taken as 0.1, 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6 respectively, and the 
viscous coefficient 𝜂𝜂  was constant value, the influence of the the 
parameter 𝑛𝑛 viriation on the creep curve 𝜀𝜀(𝑁𝑁)− 𝑁𝑁 could be obtained 
by substituting 𝑛𝑛 into Eq. (5). Fig.7 shows that Eq.(5) could be used to 
describe stable and destructive creep of soil when different parameter 
𝑛𝑛 values were chosen. 
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Figure 7. Effect of parameter 𝑛𝑛 on creep behavior 

 

4.2  𝜺𝜺𝒅𝒅(𝑵𝑵) under cyclic loading 𝝈𝝈𝒅𝒅(𝒕𝒕) 

According to viscoelastic mechanics [28, 29], the creep process of soil 
under cyclic loading is a constant process of energy storage and 
consumption. The strain response of elastic solid material changes 
with stress in the same phase. For ideal viscous material, the phase 
difference between strain and stress is 𝜋𝜋/2𝜔𝜔  (𝜔𝜔 angular frequency) . 
However, the rock and soil is not ideal elastic material or viscous 
material, but viscoelastic-plastic material, so the soil strain under 
cyclic loading and the stress it is subjected to is not in the same phase 
or 𝜋𝜋/2𝜔𝜔, the strain phase lags behind the stress it is subjected to. For 
viscoelastic-plastic material such as rock and soil, the phase angle 𝜙𝜙 
between stress and strain is between 0 and 𝜋𝜋/2𝜔𝜔. In this article, it is 
assumed that the phase difference between stress and strain of soil is 
𝜙𝜙 , which is also called the phase angle or energy dissipation angle 
between strain and stress it is subjected to. 
Ii is assumed that at time 𝑡𝑡 , the complex form of dynamic load 𝜎𝜎𝑑𝑑(𝑡𝑡) 
in complex plane is 

𝜎𝜎𝑑𝑑(𝑡𝑡) = 𝜎𝜎ampl[cos(𝜔𝜔𝑡𝑡) + isin(𝜔𝜔𝑡𝑡)] = 𝜎𝜎ampl𝑒𝑒𝑖𝑖𝑖𝑖𝑓𝑓          （6） 
Where 𝜎𝜎ampl is the stress amplitude of cyclic loading, 𝑖𝑖is an imaginary 
unit. 
 
According to the theory of viscoelastic mechanics, the dynamic strain 
𝜀𝜀𝑑𝑑(𝑡𝑡)of soil under oscillating stress 𝜎𝜎𝑑𝑑(𝑡𝑡)is  
𝜀𝜀𝑑𝑑(𝑡𝑡) = 𝜀𝜀ampl[cossin(𝜔𝜔𝑡𝑡 + 𝜙𝜙) + isin(𝜔𝜔𝑡𝑡 + 𝜙𝜙)] = 𝜀𝜀ampl𝑒𝑒𝑖𝑖(𝑖𝑖𝑓𝑓+𝜙𝜙) = 𝜀𝜀 ∗ 𝑒𝑒𝑖𝑖𝑖𝑖𝑓𝑓 

  
（7）

 

 

Where 
𝜀𝜀ampl

 is the amplitude of strain, which can be solved from the 

Eq.(8); 
𝜀𝜀 ∗

  is the response complex strain amplitude, where 
𝜙𝜙

 is the 
energy dissipation angle, which can be obtained from Eq.(9)[20]. 
 

𝜀𝜀ampl = 𝜎𝜎ampl�𝐽𝐽12 + 𝐽𝐽22                   （8） 
𝜙𝜙 = arctan(𝐽𝐽1/𝐽𝐽2)                  （9） 

 
Where 𝐽𝐽1  is energy storage compliance of model, 𝐽𝐽2  is energy 
consumption compliance. 
For fractional-order Abel model, under cyclic loading 𝜎𝜎𝑑𝑑(𝑡𝑡), the creep 
constitutive based Abel model could be obtained from Eq.(4) . 
 

𝜎𝜎ampl𝑒𝑒𝑖𝑖𝑖𝑖𝑓𝑓 = 𝜂𝜂2𝜀𝜀∗(𝑖𝑖𝑖𝑖)𝑛𝑛𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖

𝑓𝑓𝑛𝑛           （10）
 

From Eq.(10), we have 
𝜀𝜀∗

𝜎𝜎ampl = 𝑓𝑓𝑛𝑛

𝜂𝜂(𝑖𝑖𝑖𝑖)𝑛𝑛
= 𝐽𝐽1 − 𝑖𝑖𝐽𝐽2          （11） 

With 𝑖𝑖𝑛𝑛 = cos(𝑛𝑛𝜋𝜋/2) + isin(𝑛𝑛𝜋𝜋/2), the Eq. (11) can be written as 
𝜀𝜀∗

𝜎𝜎ampl = cos(𝑛𝑛𝑛𝑛/2)𝑓𝑓𝑛𝑛

𝜂𝜂𝑖𝑖𝑛𝑛 − 𝑖𝑖 sin(𝑛𝑛𝑛𝑛/2)𝑓𝑓𝑛𝑛

𝜂𝜂𝑖𝑖𝑛𝑛 = 𝐽𝐽1 − 𝑖𝑖𝐽𝐽2     （13） 

From Eq.(13), the energy storage compliance 𝐽𝐽1 of Abel model is 
[𝑓𝑓𝑛𝑛cos(𝑛𝑛𝜋𝜋/2)]/𝜂𝜂𝜔𝜔𝑛𝑛 and the energy consumption compliance 𝐽𝐽2 is 
[𝑓𝑓𝑛𝑛sin(𝑛𝑛𝜋𝜋/2)]/𝜂𝜂𝜔𝜔𝑛𝑛. 
 

η n
σ(t )σ(t )
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Soil is generally heterogeneous and anisotropic material containing 
many voids. Under dynamic loading, the plastic deformation and 
damage appeared in the soil, resulting in that energy storage 
compliance and energy consumption compliance of the material are 
different from the ideal model. In this paper, as Pu’s study [20,26], it is 
assumed that the energy storage compliance and energy consumption 
compliance caused by soil damage in the process of loading and 
unloading are 𝛥𝛥𝐽𝐽1  and 𝛥𝛥𝐽𝐽2 , respectively. 𝛥𝛥𝐽𝐽1  and 𝛥𝛥𝐽𝐽2  values can be 
determined by experiments, which can reflect the changes of energy 
storage compliance and energy consumption compliance of soil in the 
process of loading and unloading. Consequently, the energy storage 
compliance and energy consumption compliance based on Abel mode 
could be written as Eqs. (14) and (15) respectively. 
 

𝐽𝐽𝐴𝐴1 = cos(𝑛𝑛𝑛𝑛/2)𝑓𝑓𝑛𝑛

𝜂𝜂𝑖𝑖𝑛𝑛 + 𝛥𝛥𝐽𝐽𝐴𝐴1           （14） 

𝐽𝐽𝐴𝐴2 = sin(𝑛𝑛𝑛𝑛/2)𝑓𝑓𝑛𝑛

𝜂𝜂𝑖𝑖𝑛𝑛 + 𝛥𝛥𝐽𝐽𝐴𝐴2          （15） 

 
Where 𝛥𝛥𝐽𝐽A1 is the change of energy storage compliance of Abel model 
caused by soil damage, its physical dimension is [stress-1], 𝛥𝛥𝐽𝐽A2 is the 
variation of energy dissipation compliance of Abel model, and its 
physical dimension is the same as that of 𝛥𝛥𝐽𝐽A1. 
From Eq.(7), the dynamic strain 𝜀𝜀𝑑𝑑(𝑡𝑡)  of fractional-order Abel model 
under cyclic loading 𝜎𝜎𝑑𝑑(𝑡𝑡) in the form of sine and cosine wave are as 
follows. 

𝜀𝜀𝑑𝑑(𝑡𝑡) = 𝜀𝜀𝑑𝑑(𝑁𝑁) = 𝜎𝜎ampl�𝐽𝐽𝐴𝐴12 + 𝐽𝐽𝐴𝐴22 sin �𝜛𝜛 �𝑁𝑁
𝑓𝑓
� -arctan �𝐽𝐽𝐴𝐴1

𝐽𝐽𝐴𝐴2
��

         

（16） 

𝜀𝜀𝑑𝑑(𝑡𝑡) = 𝜀𝜀𝑑𝑑(𝑁𝑁) = 𝜎𝜎ampl�𝐽𝐽𝐴𝐴12 + 𝐽𝐽𝐴𝐴22 cos �𝜛𝜛 �𝑁𝑁
𝑓𝑓
� -arctan �𝐽𝐽𝐴𝐴1

𝐽𝐽𝐴𝐴2
��

         

（17） 

 
The Eqs.(16) and (17) could be used to describe the strain fluctuation 
range of soil under cyclic loading, and the fluctuation range is 

�−𝜎𝜎ampl�𝐽𝐽𝐴𝐴12 + 𝐽𝐽𝐴𝐴22 ,𝜎𝜎ampl�𝐽𝐽𝐴𝐴12 + 𝐽𝐽𝐴𝐴22 �      （18） 

4.3 Creep constitutive equation of soil under cyclic loading 

The stable and critical creep behavior of soil are described by the 
proposed model based on Abel model, and the constitutive equation 
Eqs.(19) and (20) for soil under cyclic loading 𝜎𝜎(𝑡𝑡) in the form of sine 
and cosine wave could be obtained by superimposing Eqs.(5), (16), and 
(17).

 𝜀𝜀(𝑁𝑁) = 𝜎𝜎ampl�𝐽𝐽𝐴𝐴12 + 𝐽𝐽𝐴𝐴22 sin �𝜛𝜛 �
𝑁𝑁
𝑓𝑓
�+ arctan�

𝐽𝐽𝐴𝐴1
𝐽𝐽𝐴𝐴2
�� +

𝜎𝜎
𝜂𝜂

𝑁𝑁𝑛𝑛

𝛤𝛤(1 + 𝑛𝑛) 

= 𝜎𝜎ampl�𝐽𝐽𝐴𝐴12 + 𝐽𝐽𝐴𝐴22 sin �𝜔𝜔 �𝑁𝑁
𝑓𝑓
�+ arctan�𝐽𝐽𝐴𝐴1

𝐽𝐽𝐴𝐴2
�� + 𝑃𝑃(𝜂𝜂,𝑛𝑛)

      

（19） 

𝜀𝜀(𝑁𝑁) = 𝜎𝜎ampl�𝐽𝐽𝐴𝐴12 + 𝐽𝐽𝐴𝐴22 sin �𝜔𝜔 �
𝑁𝑁
𝑓𝑓
�+ arctan�

𝐽𝐽𝐴𝐴1
𝐽𝐽𝐴𝐴2
��+

𝜎𝜎
𝜂𝜂

𝑁𝑁𝑛𝑛

𝛤𝛤(1 + 𝑛𝑛) 

= 𝜎𝜎ampl�𝐽𝐽𝐴𝐴12 + 𝐽𝐽𝐴𝐴22 cos �𝜔𝜔 �𝑁𝑁
𝑓𝑓
�+ arctan�𝐽𝐽𝐴𝐴1

𝐽𝐽𝐴𝐴2
��+ 𝑃𝑃(𝜂𝜂,𝑛𝑛)

       

（20） 

 
The Eqs.(19), (20) are centered on the non-linear function 𝑃𝑃�𝜂𝜂，𝑛𝑛� with 

a fluctuation range of �−𝜎𝜎ampl�𝐽𝐽𝐴𝐴12 + 𝐽𝐽𝐴𝐴22 ,𝜎𝜎ampl�𝐽𝐽𝐴𝐴12 + 𝐽𝐽𝐴𝐴22 �. The Eqs.(19) 
and (20) can reflect the stable and critical creep behavior of soil under 
sine and cosine cyclic loading when different parameter 𝑛𝑛 values are 
chosen. 

5.  Parameter and adaptability verification of model 

In this paper, based on the existing experimental data, the differential 
evolution (DE) method in 1stOpt software [20] is used to calculate the 

parameters of the proposed constitutive Eq.(19) and to fit the curve to 
verify the adaptability of the proposed model. 

 
5.1  Model curves and parameters of red-mudstone soil 
 
Kong et al. [21] to carry out cyclic tests on red mudstone soil under 
sinusoidal cyclic loading with frequency 𝑓𝑓 = 5Hz by used the GDS 
dynamic triaxial testing system. From this test, the critical dynamic 
stress amplitude 𝜎𝜎dc  of red-mudstone soil under 25 kPa confining 
pressure was 216 kPa, and the static shear strength 𝜏𝜏𝑓𝑓 was 720 kPa. In 
this test, the vibration center of axial dynamic stress is 𝜎𝜎 = 𝑝𝑝𝑐𝑐 + 𝜎𝜎𝑑𝑑 , 
and the axial deviatoric stress can be expressed as Eq.(21). In this paper, 
the creep curves of red-mudstone soil under 25kPa confining were 
fitted and model parameters were obtained by using Eq.(19). The 
obtained parameter results are shown in Table 1 and the creep curves 
of the proposed model are shown in Fig.8. 
 

𝜎𝜎(𝑡𝑡) = 2𝜎𝜎ampl + 𝜎𝜎amplsin𝜔𝜔𝑡𝑡        （21） 
 
Where 𝜎𝜎ampl is the stress amplitude of cyclic loading. 
 
It can be seen from Table 1 that the parameters of the proposed model 
varied in a small range and exhibited an obvious regularity. The 
viscosity coefficient 𝜂𝜂  of the proposed model decreased with 
increasing dynamic stress amplitude 𝜎𝜎𝑑𝑑of cyclic loading (see Fig. 9). 
Meanwhile, the 𝛥𝛥𝐽𝐽𝐴𝐴1 and 𝛥𝛥𝐽𝐽𝐴𝐴2of energy storage compliance and energy 
consumption compliance were less than 0, indicating that there were 
a decrease in the energy storage and energy consumption compliance 
of soil under dynamic loading due to soil damage. When 𝜎𝜎dc < 𝜎𝜎𝑑𝑑 , the 
𝛥𝛥𝐽𝐽𝐴𝐴1  evolution of energy storage compliance of soil with dynamic 
stress amplitude 𝜎𝜎𝑑𝑑 is shown in Fig. 10,  
and the variation 𝛥𝛥𝐽𝐽𝐴𝐴2 of energy consumption compliance decreased 
with increasing dynamic stress amplitude 𝜎𝜎𝑑𝑑  of cyclic loading (see 
Fig.11), but the change rule of parameter 𝑛𝑛 is not obvious. 
According to the model curves of red-mudstone soil and roadbed 
coarse-grained soil, the creep constitutive equation established based 
on Abel model could be used to describe the creep behavior of soil 
under cyclic loading, including stable and destructive creep behavior. 
The model curve was correlated with well creep curves from 
experimental data, the correlation coefficients were all above 0.900.  
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Figure 8.  Model curves and experimental data of red mudstone soil 
[21] 

 
Table 1. Model parameters from red-mudstone soils under 25 kPa confining pressure [21]. 

𝜎𝜎𝑑𝑑 (kPa) 𝜎𝜎dc (kPa) η  (kPa·number of timesn) 𝛥𝛥𝐽𝐽A1 
(kPa-1) 𝛥𝛥𝐽𝐽A2 

(kPa-1) n R-square 

25 

216 

1.180×104 -5.128×10-5 -1.136×10-5 0.139 0.9375 
45 6.789×103 -1.098×10-4 -1.875×10-5 0.126 0.9824 

65 4.818×103 -1.487×10-4 -2.558×10-5 0.119 0.9784 

95 3.528×103 -1.899×10-4 -3.391×10-5 0.113 0.958 

150 2.360×103 -3.154×10-4 -4.427×10-5 0.091 0.958 

225 1.375×103 -4.865×10-4 -8.649×10-5 0.112 0.958 

245 2.205×103 -1.265×10-4 -7.204×10-5 0.330 0.999 

260 1.784×103 -1.246×10-4 -7.724×10-5 0.449 0.999 
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Figure 9. Effect of 𝜎𝜎𝑑𝑑 on 𝜂𝜂 
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Figure 10. Effect of 𝜎𝜎𝑑𝑑 on 𝛥𝛥𝐽𝐽𝐴𝐴2 
when 𝜎𝜎𝑑𝑑 < 𝜎𝜎dc 
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Figure 11. Effect of 𝜎𝜎𝑑𝑑 on 𝛥𝛥𝐽𝐽𝐴𝐴2 

5.2   Model curve and parameters of saturated coarse-grained soil 
Zhou [30] et al conducted on a series of dynamic triaxial tests on 

coarse-grained soil with consolidation ratio of 1.0 under the cyclic 
loading shown in Fig.12. In this test, the dynamic stress amplitude 𝜎𝜎𝑑𝑑 
(i.e. 𝜎𝜎ampl) of the cyclic loading is 25～125kPa, and the sinusoidal cyclic 
loading frequency is 1Hz. In Fig.12, the OA is the consolidation 
pressure (i.e. confining pressure) and 𝜎𝜎𝑠𝑠 is the static deviatoric stress, 
𝜎𝜎𝑠𝑠 is taken as 15 kPa in the test. Then the deviatoric stress acting on 
the specimen is shown in Eq.(22). In this paper, the established 
constitutive Eq.(19) was used to fit creep curve and obtain the model 
parameters of coarse-grained soil under 15 kPa confining pressure. 

The obtained parameters and model curves are shown in Table 2 and 
Fig. 13, respectively. 

 
Figure 12. Loading process [30] 
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Figure 13. Creep curves of Abel model of subgrade coarse-grained soil 
[30] 
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Figure 14. Effect of 𝜎𝜎𝑑𝑑 on 𝑛𝑛

 

Table 2. Model parameters from coarse-grained soil under 15kPa confining pressure [30]  

𝜎𝜎𝑑𝑑 (kPa) 𝜎𝜎dc (kPa) η (kPa·number of timesn) 𝛥𝛥𝐽𝐽A1 
(kPa-1) 𝛥𝛥𝐽𝐽A2 

(kPa-1) n R-square 

25 

50.0-62.5 

6.731×102 -1.299×10-3 -1.426×10-4 0.070  0.904 

50 4.421×102 -1.378×10-3 -5.267×10-4 0.332 0.995 

62.5 7.705×102 -9.224×10-4 -3.676×10-4 0.420 0.999 

75 7.640×102 -4.314×10-4 -3.718×10-4 0.453 0.999 

100 5.389×102 -6.433×10-4 -5.268×10-4 0.437 0.999 

125 3.534×102 -8.581×10-4 -8.019×10-4 0.478 0.996 
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Figure 16. Effect of 𝜎𝜎𝑑𝑑 on 𝐽𝐽𝐴𝐴2when 𝜎𝜎𝑑𝑑 > 𝜎𝜎dc 

 
 
It can be seen from the obtained parameters of red-mudstone soil and 
coarse-grained soil shown in Table 1 and 2 that under high and low 
dynamic stress, the parameters of the model had obvious change rules, 
and each parameter of the soil decreased with the increasing dynamic 
stress amplitude 𝜎𝜎𝑑𝑑 of cyclic loading. When 𝜎𝜎𝑑𝑑 < 𝜎𝜎dc, the variatipn law 
was not obvious. However, the other parameters variation under high 
and low dynamic stresses were discontinuous. When 𝜎𝜎𝑑𝑑 ≥ 𝜎𝜎dc , the 
parameter 𝑛𝑛 increased with increasing amplitude 𝜎𝜎𝑑𝑑of cyclic loading, 
and the obtained parameters were greater than 0.3. 

6. Conclusions 

In order to study the creep characteristics of soils under cyclic loading, 
a new creep constitutive model of soils under cyclic loading was 
derived based on Abel model, the following conclusions are obtained 
from this study. 
 
(1) Based on Abel model, a creep constitutive model which can 

describe the stable, critical and destructive creep behavior of soil 
under cyclic loading, was established, and the proposed model 
had only three parameters. 

(2) When the different values of parameter 𝑛𝑛 are chosen, the model 
could be used to describe the different creep behavior of soils 
under cyclic loading. 

(3) The eatablished creep constitutive model based on Abel model 
was used to fit the experimental data from different soils, the 
results show that the proposed model constitutive equation was 
correlated well with experimental data. 

(4) The obtained parameter 𝑛𝑛  of model increased with increasing 
dynamic stress amplitude 𝜎𝜎𝑑𝑑 of cyclic loading, while the other 
parameters decreased with the dynamic stress amplitude 𝜎𝜎𝑑𝑑 
increasing. However, the attenuation law of parameters under 
high and low stress was consistent. 

 

Declaration of Conflict of Interests 

The authors declare that there is no conflict of interest.  
 
 
 
References 

[1.] X.Z. Ling, Z.Y. Zhu, F. Zhang, S.J. Zhang, L.N. Wang, X. Gao, Q.R. Lu, 
2009. Dynamic elastic modulus for frozen soil from the 
embankment on Beiluhe Basin along the QinghaiTibet Railway. 
 Cold Reg. Sci. Technol. 57–12. 

[2.] H.Y. Lei, B. Li, H.B. Lu, Q. Ren, 2016. Dynamic deformation behavior 
and cyclic degradation of ultrasoft soil under cyclic Loading, J. 
Mater. Civ. Eng., 28(11), 04016135 

[3.] Y.Q. Tang, J. Zhou, S. Liu, P. Yang, J.X. Wang, 2011. Test on cyclic 
creep behavior of mucky  clay in shanghai under step 
cyclic loading. Environmental Earth Sciences, 63(2), 321-327. 

[4.] N. Miura, K. Fujikawa, A. Sakai, 1995. Field measurement of 
settlement in Saga airport highway subjected to traffic load. 
Tsuchi-to-Kiso 43-6 (449), 49–51 

[5.] S.Y. Pu, J.Y. Rao, K.Q. Yang, Z.H. Huang, Y.H. Li, Z.N Chen, Q. Li, H.Q. 
Liu, 2017. Deformation characteristics of soil under cyclic loading, 
Rock and Soil Mechanics, 38(11), 3262－3269. (in Chinese) 

[6.] C.L. Monismith, N. Ogawa, C.R. Freeme, 1975. Permanent 
deformation characteristics of subgrade soils due to repeated 
loading. Transportation Research Board, Washington, DC, pp 1–17 

[7.] D. Li, E.T. Selig, 1996. Cumulative plastic deformation for fine-
grained subgrade soils. J  Geotech Eng 122(12), 1006–
1013 

[8.] J. Xiao, C.H. Juang, C. Xu, X. Li, L. Wang, 2014. Strength and 
deformation characteristics of  compacted silt from the lower 
reaches of the Yellow River of China under monotonic and 
 repeated loading. Eng Geol 178, 49–57 

[9.] J.C. Chai, N. Miura, 2002. Traffic-load-induced permanent 
deformation of road on soft subsoil.  J Geotech 
Geoenviron 128(11), 907–916 

[10.] J. Wang, L.Guo, Y. Cai, C. Xu, C.Gu, 2013. Strain and pore pressure 
development on soft  marine clay in triaxial tests with a large 
number of cycles. Ocean Eng 74, 125–132 

[11.] L. Guo, J. Wang, Y. Cai, H. Liu, Y. Gao, H. Sun, 2013. Undrained 
deformation behavior of saturated soft clay under long-term 
cyclic loading. Soil Dynamics and Earthquake Engineering, 
 50, 28-37. 

[12.]  Z. Mroz, 1967. On the description of anisotropic workhardening. J 
Mech Phys Solids 15(3), 163–175. 

[13.] Z. Mroz, V.A. Norris , O.C.Zienkiewicz, 1978. An anisotropic 
hardening model for soils and its application to cyclic loading. Int 
J Numer Anal Methods Geomech 2(3), 203–221. 

[14.] X.W. Ren, Q. Xu, J. Teng, N. Zhao, L. Lv, 2018. A novel model for the 
cumulative plastic strain  of soft marine clay under 
long-term low cyclic loads. Ocean Engineering, 149, 194-204. 

[15.] P.F. Jia, L.W. Kong, A.W. Yang, 2013. Strain accumulation model of 
soils under low-amplitude  high-cycle loading, Rock and 
Soil Mechanics, 34(3), 738-750, (In Chinese ). 

[16.] X.W. Ren, Y.Q. Tang, J. Li, Q. Yang, 2012. A prediction method using 
grey model for cumulative plastic deformation under cyclic loads. 
Natural Hazards, 64(1), 441-457. 

[17.] M. Huang, X.R. Liu, 2011. Creep settlement model of high -filled 
embankment after construction under traffic loads, Journal of 
PLA University of Science and Technology (Natural Science 
Edition), 2011, 12(1): 54-58, (In Chinese ). 

[18.] H.L. Zhang, X.Q. Bian, Y.L. Wang, 2010. Visco-elastic-plastic model 
of permanent deformation of subgrade soils under repeated load, 
Journal of Chang’an University(Natural Science Edition), 30(2), 
29-33 (In Chinese ). 

[19.] Z.N. Chen, S.Y. Pu, J.Y. Rao, Q. Fang, H.Q. Liu, Z.C. Hao, 2018, Visco-
elastic-plastic Fatigue Constitutive Model for Soil under Traffic 
Loading, Railway standard design, 62(1), 69-77, (In  Chinese ). 

[20.] Pu, S., Zhu, Z., Song, L., Song, W., & Peng, Y. (2020). Fractional-order 
visco-elastoplastic constitutive model for rock under cyclic 
loading. Arabian Journal of Geosciences, 13(9), 1-11. 

[21.] X.H. Kong , G.L. Jiang, Z.M. Wang, 2012 . Dynamic characteristics 
of red-mudstone soils under cyclic loads, Hydrogeology and 
Engineering Geology, 39(4), 76 －87, (In Chinese ). 

[22.] Zhou W.Q. , W.M. Leng, D.G. Cai, W.J. Liu, C. Feng, 2014. Analysis on 
characteristics of critical dynamic stress and accumulative 

http://xueshu.baidu.com/s?wd=author:(A.%20Sakai)%20&tn=SE_baiduxueshu_c1gjeupa&ie=utf-8&sc_f_para=sc_hilight=person


Pu & Zhu.  
 

PACE 2021- Ataturk University, Engineering Faculty, Department of Civil Engineering, Erzurum, 25030, TURKEY  20-23 June 2021 
  7 

 
 

deformation of coarse-grained soil subgrade filling under cyclic 
loading, Journal of the China Railway Society, 36(12), 85－89, (In 
Chinese ).  

[23.] Y. Cai, X.W. Cao, 1996. Study of the critical dynamic stress and 
permanent strain of the subgrade-soil under the repeated load, 
Journal of Southwest Jiaotong University, 31(1): 1－5, (In Chinese ).  

[24.] X.H. Liu, G.L. Yang, W. Fang, 2011. Critical dynamic stress of red 
clay and replacement thickness of ballastless track cutting bed of 
high-speed railways, Chinese Journal of Geotechnical 
Engineering, 2011, 33(3), 348－353, (In Chinese ).  

[25.] Y.H.  Li, S.Y. Pu, W.Q. Zhao, B.F. Shang, Z.X. Wang, 2017. Study on 
Bingham constitutive model for soft rock under constant 
amplitude periodic load, Water Resources and Hydropower 
Engineering, 48(11), 179-186, (In Chinese ). 

[26.] S.Y. Pu，Z.H. Huang, J.Y. Rao, R. Mu, H.C. Zheng, T.L. Wang, X.L. Liu, 
L. li, Y.H. Wang, 2018. Fractional-order burgers constitutive model 
for rock under low dynamic stress, Journal of Yangtze river 
Scientific research Institute, 2018, 35( 2), 109－115, (In Chinese ). 

[27.] F. Wu, J.F. Liu, Z.D. Wu, Y. Bian, Z.W. Zhou, 2014. Fractional 
nonlinear creep constitutive  model of salt rock, Rock and 
Soil Mechanics, 35 (S2), 162-167, (In Chinese ). 

[28.] T.Q. Yang. Viscoelastic mechanic. Wuhan: Central China 
University of Science and Technology Press, 1990, ( In Chinese ).  

[29.] R.M. Christensen . The introduction of viscoelastic mechanics, 
Beijing: Science Press, 1990  (Translated version), ( In 
Chinese ).  

[30.] W.Q. Zhou, W.M. Leng, W.J. Liu, R.S. Nie, Q. Yang, C.Y. Zhao, 2016. 
Dynamic behavior and backbone curve model of saturated coarse-
grained soil under cyclic loading and low confining pressure, 
rock and soil mechanics, 37(3): 416-423, ( In Chinese ).  

 

 
 


	3.  Abel model under cyclic loading
	4.  Creep constitutive model of soil under cyclic loading 𝝈,𝒕.
	5.  Parameter and adaptability verification of model
	6. Conclusions

