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The construction of solutions in explicit form is especially important from the point of view
of its application, since it makes it possible to effectively carry out a quantitative analysis
of the problem under study.This paper investigates the processes of deformation of solids in
the quasi-static case. Two-dimensional boundary value problems of Dirichlet and Neumann
for an elastic body with double porosity are considered. In Using the Laplace transform,
these problems are reduced to auxiliary boundary value problems. Special representations
of solutions to auxiliary boundary value problems are constructed using elementary
functions that allow reducing the original system of equations to equations of a simple
structure and facilitate the solution of the original problems. Auxiliary boundary value
problems are solved for a specific elastic body - a porous disk. Solutions to these problems
are obtained in the form of series. Conditions are provided that ensure the absolute and
uniform convergence of these series and the use of the inverse Laplace theorem. It is proved

that the inverse transforms provide a solution to the initial problems.

1.Introduction

If the reasons causing the motion of the body change very slowly in
time, then the inertial terms in the equations of motion can be
neglected and the problem can be regarded as quasi-static. Quasi-
static problems of the theory of elasticity and thermoelasticity are
well studied (see e.g. Nowacki (1975)[1]). The quasi-static theory for
elastic materials with double porosity was proposed by Aifantis and
his co-authors [2-5]. This theory, which the authors called the
consolidation theory, combines the Barenblatt model [6] for fluid flow
in a double porous medium and the Biot model [7] for elastic materials
with a single porosity.

In [8,9], the basic equations were obtained in the quasi-static case
for liquid-saturated media with double porosity. The fundamental
solution of quasi-static equations of the linear of theory elasticity for
double porosity solids is constructed and basic properties are
established in [10] and [11]. In paper[12] the linear quasi-static theory
of thermoelasticity for solids with double porosity is considered. A
wide class of the internal and external boundary value problems are
formulated. The Green’s formulas are obtained. The formulas of
integral representations of regular solutions are established, and the
uniqueness theorems for classical solutions of the boundary value
problems are proved. The history of development of porous body
mechanics, are set forth in detail in the monographs [13-15]. Along
with theoretical studies of quasi-statics problems, the development of
methods for their solution is of great interest.

The topical is the construction of solutions of problems in an explicit
form, which is convenient for engineering practice and enables one to
perform numerical analysis of the problems under investigation.

This paper investigates the processes of deformation of solids in the
quasi-static case. We consider two-dimensional boundary value
problems of elasticity for an elastic body with double porosity. In
Section 2 the basic equations of the quasi-static of fluid-saturated
media with double porosity are given, the basic initial boundary value
problems are formulated for an isotropic elastic body with double
porosity. Using the Laplace transform, these problems are reduced to
auxiliary boundary value problems. In Section 3, we establish Green's
identities and prove uniqueness theorems for solutions of auxiliary
problems corresponding to the original one. In Section 4 the general
representations of solutions of auxiliary boundary value problems are

constructed by means of elementary functions. Examples of the
application of these representations are given in Section 5.

Auxiliary boundary value problems are solved for a specific elastic
body - a porous disk. Solutions to these problems are obtained in the
form of series. Conditions are provided that ensure the absolute and
uniform convergence of these series and the use of the inverse
Laplace theorem. It is proved that the inverse transforms provide a
solution to the initial problems.

2. Formulationofboundary value problems

Let K be a closed curvesurrounding a finite plane regionD .In
what follows we consider that an isotropic and homogeneous porous

elastic solid occupies a region of D.a system of equations of the
linear quasi-static theory of elastic materials with double porosity has
the form [5]

HAu(X, 1)+ (A + p)grad diva(x,t) —
grad (f, pi(X,1) + f,p,(x,1)) =0

mA p,(X,t) —a,0,p,(X,t) + k(p,(X,t) —
p,(x,0)) = Bdiv ou(x,t) =0

m,A p,(X,t) —a,0,p,(X,t) —k(p,(x,t) —
p,(x,0)) = B,div ou(x,t) =0,

(]

where X = (xl,xz) S D, te T, T= [0,00) is time interval;
Ao, Bom, ok

constants (see e.g. [5], [8]), ll(X, t) = (ul SUy ) is the displacement

are the known elastic and physical
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of the point X; P, (X, l) and p, (X, l) are the average pressure

values in the neighborhood of X in the cracks and pores,

respectively. It is assumed that /77; >0, k>o0,i= 1,2 .
Let us formulate the following initial boundary value problems.

Find in the domain D X T a regular solution
U(X, t) = (U(X,t), )2 (X, t), D> (X, l)) of system (1)
(U(x,1) e C"(DxT)YNC*(DxT), D=DUK), that
satisfies the initial condition

U(x,0) =0, @)

and, on the boundary D, one of the conditions:

w(z,n)=1(z,0), p(zt)=f,(z1), i=12,
in Problem I; 3)
R(@,.mU(z.0) =(z.1), 8,p,(2.0)= f,,(2.0),
I= 1,2, in Problem II, (4)

where Z = (2,,2,) € K, n(z) = (n,(z),n,(z))is the
external normal to K ; f = (ﬁafz)’ﬁ9f29f‘3’f4 are the
2

ol

R(0,,n)U(x,t) =T(0 ,m)u(x,t)—

Am(x) p,(x,1) = fon(X) p, (X, 1)

is the stress vector in the theory of elasticity for materials with
double porosity and

T(0,,n)u(x,t) = uo u(x,t)+ An(x)div u(x,z) +

2
1Y n(x)grad u,(x,1)
i=1
is the stress vector inthe classical theory of elasticity.

It is assumed that the functions U(X, t ) and f/ (Z, t ) ,as well as

given functions on K; 0 ;=

(5

their derivatives at large / in absolute value, are estimated by the
t

value M€§0 ,where M >0 and é:O > 0are constants, X € D,

zeKk.

Applying the formal Laplace transform

(INI(X, r),fj (z,7)) = je’” (U(x,0), f(z,1))dt,
0 ®)
where T =& +in, Rer =& >0, Imt =1 € (—w0;0),

U= (l~l, 51 ) 52 ), we can reduce problems I and II to the

following auxiliary boundary value problems:
UAU(X,T)+ (A + w)grad divu (x,7) —
pgrad p,(x,7)— p,grad p,(x,7) =0
mAp,(x,7)— o7 p,(X,7) +

k[ p,(x,7)— p,(x,7)]— frdivu(x,7) =0
m,A p,(X,7) —a,7 p,(X,7) —

klp,(x,7)— p,(x,7)] - B,rdivii(x,7) =0 ;

W(z,7)-1(2,7).5.(z,7) = f..,(2,7), i=1,2, Problem
1 (8)

T

R(0,,n) ﬁ(z,r) = f(z,r),

0k D,(2,7) = f,,,(2,7) - Proviem 11, ©

3. General representation of the solution of system (7)

Applying the operator div to the first equation of system (7), we
obtain a system of equations with respect to the sought value divid

, ﬁl and 52 .

form

The determinant of this system has the following

det(A) = A{puymm,N —[ u,(a,mt + oym, 7 +
km, + km,) + Bim,t + Bim A + [, (e, a7 +
ko, + ko) + 2B,k + oyt + B,ayr +

kB! + Py 1,

where [, = A+2 J >0.The expression in curly braces with

respect to Ais a square trinomial with complex coefficients,

,uomlmz >0. We write the determinant det(A) in the form of a

proauct det(A) = pymm,A(A+ 0, YA+ @), as

where (—a) jz) are mutually conjugate complex roots that differ
from each other, ] = 2, 3.
Thus, with respect to div ﬁ, ﬁl and 52 we obtain the new
equations

divii
AA+@) ) A+o7) B | =0,

P

where (—a) jz) are mutually conjugate complex roots that differ
from each other, ] = 2, 3. Now,applying the operator

rot = —82 + 81 to the first equation of system (7),we obtain

Ap, =0,
where

rotu=@,. 20)

where 7Ot U =@,. (19)

The general representation of the solution to system (7) can be
rewritten as follows [16, 17]
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u = (u,u,) =cgrad ¢, +c,grad ¢, +

c,grad ¢, +c,rot g, + I, 0

~

D =&, +E,0, &0,

(10)

~

Dy =0+ @, @5,

where @, (X, Z') are scalar metaharmonic functions with a complex

argument

Ap, =0,i=1,4 (A+0 )p,=0,1=2,3,

~ 2
®; (X, T) are harmonic functions; 9 ;2= rot u, W = O,
2 .
0)4 =0. We will apply the operator diV to the first of the
representations (10) and compare it to div u , calculated by the

formula (7)2 or (7)3 . Taking into account representations (10),

after simple calculations, we obtain the values of the coefficients C i

H 2 BByt — ok
¢, = —Or(mle +aT+k)+p gj+%,

1 1
c, =—MU, (12)
where

2
(ﬂlﬂZT_IuOk)a)j —k
j

- (,uoooj2 +1)(m1a)j2 +0{11'+k)+,b’127a)j2 ’
J=12,3;

C, is an arbitrary constant, I= (Fl ,Fz ),

I=x,, I,=-x, divIl=0.

By an immediate check we conclude that representations (10)and

(12) satisfy equations (7).

4. Construction of solutions of auxiliary boundary value problems
for a porous elastic disk

Let region D nave the form of a disk bounded by a circumference

K with radius R , the center of which coincides with the origin.

Problem IT . Regular solutions of equations (11) in the circle can be

represented as follows [16]:
o0 r m
? (X,‘[) = Z E (Xml ’ vm)a
m=0

0(%.0) = S (@)X, V,).

m=0

¢3 (X’ T) = z Jm (a)3r)(Xm3 ’ vm )’ 3
m=0

0 r m
(04(X,‘[) = Z E (Xm4 : Sm), where
m=0
2 2 2
X=(l",§[/),7" =X tX, , 0y <2r, Jm is the Bessel
function of a complex variable with integer index 71 ;

X, =X

ml >

v,,(¥) = (cosmy,sinmy),
s, (W)= (-sinmy,cosmy), [ =1,2,3,4.

"
Xm 1) is the sought constant vector,

Let us write the boundary conditions (8) of Problem IT in the

forms of normal and tangent components

i,(z,7)= f,(2,7), 00,(27) = f,(2,7),

(14)
]~7i (Z,‘[) = fi+2 (Zaf)a i=12,
(14)
where fn =n1f1 +n, f2’ f; :—I’lzjfl +n, f2'
From representation (10) we write
3 ¢,
u,(X,7) = arzcjgoj —— 0,0y
J-l r
1 3
us(x,z')=—8Wchg0j +¢,0,0,—c, 1. 5)
r Jj=1

~

Let us expand the functions f;1 , fs and [, , into Fourier

series and allocate private amounts from each series

F(2.0)= 2@, (7)) + My, (),

F(2.0)= Y (B, (0)-5,)+ M, (2.7),

(16)

F@0)= 2 (0)v,) + My (2.7,

7o) =8, (1)) + My, (2,7),

Where 0, (T) = (am1 5 amz)’

B (D)= (B> Br2)s V(D)= (15 B,) and

6””- (T) = (5””-1 , 5mi2 ) are the Fourier coefficients of the

respective functions fn s f5 and Py = 1,2 ; an (Z, T) s

Mﬁs (Z,T) , Mﬁ3 (Z,T) and j\/[ﬁ4 (Z,T) are cut-off parts
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(errors) of the corresponding series, each of which, when
7 +1
f eC” (K ), is estimated as follows:

I

, ¢ = const >o, a7

where 7 isa sufﬁc1ent1y large number. Taking into account (10),
we substitute representations (13) into (15) and pass to the limit as

7 — R. Then, taking (16) into account, from the boundary
conditions (14), for each 71 we obtain a system of linear algebraic
equations

emX,, +c,Ro,J) (0,R)X,,, + c;R0,J. (0,R)X
c,mX,, =Ra,(z,7),
X, +c,J, (0,R)X, ,+cJ, (0,R)X, 5+

X __B (z,7),

m 3

(18)

X, +&J,(0,RX, ,+&J, (0,R)X,
X, t+J, (a)zR)sz +J, (a)3R)Xm3
m=0,1,2,..11,

where J ;n

=Y. (2.7),
= 6m (Z,T),

is the derivative of the function J m With respect to its

argument. For /71 = 0, from the second equation of system (18) we

obtain: €, = ——. For convenience, we introduced the notation

1 27zN
X4 =450 Xog =—%; =7 [7.©0)do.
0

We solve system (18) and substitute the obtained values of the

- and Xm4

vectors Xm] into (13), and thereafter into (10). We
obtain the solution of Problem I .

Problem [] - -Let us consider the normal and tangential

components of the stress vector (10), we obtain

R@,.mU(X.7)}, = 4,0,0,(%.7) +
Ao~ ~ ~
_61//us (Xa Z') - ﬂlpl (X’ T) - ﬂ2p2 (Xa T),
r (19)
R@,,.mUx,7)}, = y[@rﬁ& (x,7)+ lawﬁn(x,z’):l ,

r

(19

where ﬁn (X, Z') and LTS (X, Z') are defined by formulas (13). The
boundary conditions (9) can be written in the form ( 0 R = 0 2 )
RE..mU(z0)}, =, (2.0 o
{R(az > n)U(Z7 T)}s = fv (Z’ T)’

0.P1(2,7) = [1(2,7), 0,5, (2,7) = f,(2.7),

where f s ﬂ and f; 4o are the known functions. It is assumed

that they are expandable into Fourier series. Substitution (15) into
(19), using (13) and (16) and passing to the limit as 7 —> R, from

(20) we obtain for each M = 1, 2, . a system of algebraic

linear equations

AX =Y,
21)
= Ham ‘4X4’ X=(X,, X, X5 X, )
Y = (am9ﬂm’}/m’5m)T’ p’ q = 152’3945
1
= yym(m—1)c, R__/lmcz =B =By,
/Uocza)z']” (0,R) - (lmcz - pi&, =B/, (0,R),
" 1
= tyC30;J 1 (03 R) = (Amey— R’
ﬂl‘% —ﬂz)Jm(a)3R),
) 1 1
4 = MoCym E—im C— ek
1 , 1
| :/uclm(m_l)ﬁ_ﬂm CIF HCy,
1 1 ,
) = HmC, E[_EJm (a)zR) + a)Z‘]m (a)zR)]a
1 1 ,
3 = HMC, E[_Ejm (a)3R) + a)3‘]m (0)3R)],
m—1 m ,
4 = Hmc, TR as, =E‘91a ay, =&, w,J, (0,R),
m

— 4 J— J—
3 83 0)3 ‘]m (a)3R)7 a34 - 09 Cl41 - E,
_ ’ _ ! _
ay =0, J, (0,R), a;; =, J, (0;R), a,, =0.
Superscript “T” denotes transposition.

For m = 0, from the second equation of system (21) we obtain:

0 . .
—HC) = 7 Let us introduce the notation X04 =C. So,

Substituting the solution of system (21) into (13), and then into
(10), we thus find the solutions ﬁ(X, T), [71 (X, T) and

52 (X, T) of Problem HT

It follows from the uniqueness of the solutions of the problems
[12] under consideration that for each 777 the determinants of
systems (18) and (21) are different from zero. Taking into account

(17), we note that for large values of 771 the ]\4%7 (Z, T) ,
Mﬁs (Z, T) , ]\4,73 (Z, T) and Mﬁ4 (Z, T) errors decrease. For

eachvalue M = + 1, m + 2,..., the solution of the system of

corresponding homogeneous equations will be equal to zero.

By analyzing the general form of solutions Xm / (Z = 1,2,3,4)
of systems (18) and (21)

we can establish that the conditions f[ (Z, t ) € C4 (0 <t-< OO)

give the following estimate
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!
~ c ,
‘U(X,T)‘ <—, ¢ =const 22)
T

for all 7 uniformly foreach X, X € D, [= 1, 2,3,4.

Under condition (22), the Laplace inversion theorem holds (see e.g.

[17]).The vector U(X, T) is the image, and the original is

determined by the integral
&+io

U(x,f)=— j ¢ U(x,7)dr, @3
27 £
100

where Re7 = é: > ggo > O, ggo is the growth exponent of the

original. Now, using this formula, we can obtain solutions to the
original problems I and II. Using condition (22), we can conclude

that the conditions ﬁ (Z, t) (S C4 (O <t< OO) and

2
ﬁ (Z . t ) eC (K ) ensure the existence, as well as absolute and

uniform convergence: with respect to [ originals
l
ou
—_— [=0,1 , and with respect to the index M1 of functions
a 7 5 1%
¢

U and their derivatives with respectto Z € K.

5. Conclusions

1) The main goal of this work is to present explicit solutions of
boundary value problems of the linear quasi-static theory of elasticity
for solids with double porosity.

2) Special representations are constructed for the general solution of
the equations obtained by the Laplace transform. They are expressed
in the forms of harmonic and metaharmonic functions, the properties
of which are well known in mathematical physics. The solutions of
these problems are written explicitly in the form of absolutely and
uniformly converging series.

3) The conditions are written under which the inverse Laplace
transforms exist and yield solutions of the initial problems.

4) The application of the considered method enables us to investigate
a wide class of problems for systems of equations in theories of
elasticity and thermoelasticity for materials with double porosity;
build explicit solutions of basic boundary value problems not only for
a circle, but also for a ring, a plane with a circular hole, etc.
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